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The artery wall is under dynamic load conditions. Biomechanical forces, such as wall 
shear stress and hoop stress within the vessel wall, play a key role in atherogenesis, plaque 
development and final rupture. There is a general need to estimate the biomechanical forces 
for better understanding of the pathogenesis and for better prediction of plaque ruptures. Some 
efforts have been made to study the stress distributions experimentally and computationally, 
however, data on the biomechanical forces with the progression of stenosis are still limited. 
The aim of this thesis is to investigate the biomechanical forces and vessel wall motion with 
the progression of stenosis severity under realistic loading conditions. 
Under realistic conditions, blood flow is in constant interaction with the vessel wall. A 
flow-wall coupled model is developed by externally coupling of the computational fluid 
dynamics package FLUENT and the finite element modelling package ABAQUS using a 
MATLAB script. This model is used to study the flow and stress field for idealised stenosed 
arteries. The impedance of the stenosis is estimated by a lumped parameter model and the 
boundary conditions are derived from a one dimensional transmission line model. 
Studies on localized stiffness for straight and mildly stenosed arteries showed that the localized 
stiffness has a negligible effect on the pressure, local velocity magnitude and wall shear stress 
field, but it has a significant effect on the wall motion around the diseased part. 
Simulations of the blood flow and wall motion for different degrees of stenosis under 
physiologically realistic conditions was carried out. The results showed that maximum wall 
shear stress increases substantially with the increase of stenosis severity. The maximum wall 
shear stress is about 6 Pa for healthy arteries, it reaches 45 Pa for a 30% stenosis (by diameter), 
and for > 50% stenoses, the maximum wall shear stress values were greater than 100 Pa, at 
which endothelial stripping and thrombus formation may occur. Wall motion was increasingly 
constrained as the degree of stenosis increased. It was constrained at the throat by 55% for the 
30% stenosis, 86% for the 50% stenosis; while for the 70% stenosis, wall motion at the throat 
is negligible through the whole cycle. Peak velocity at the throat varies from 1.46 m/s in the 
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30% stenosis to 3.21 rn/s in the 70% stenosis against a value of 0.8 rn/s in healthy arteries. 
With the increase of the degrees of stenosis, the maximum circumferential stress varies within 
20%, which is a small variation compare with the changes in wall shear stress as the degree 
of stenosis increases. However, the localized stiffness and physiological axial stretch has 
substantial influence on the circumferential stress distributions. Maximum circumferential 
stress was found at the shoulders of plaques with the presence of localized stiffness and 
physiological axial stretch. 
Future work could apply the flow-wall coupled model to patient specific geometries, and 
quantify the biomechanical forces in real patients. Future solid model should include different 
plaque compositions to be able to model the stress field within stable and vulnerable plaques. 
The applications of computational method include plaque rupture risk evaluation, as well as 
surgical planning. It is supposed that the computational method, in conjunction with suitable 
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1.1 Cardiovascular Diseases, Diagnosis and Clinical Management 
1.1.1 Cardiovascular Diseases and Atherosclerosis 
Cardiovascular Diseases (CVD) are the major cause of death accounting for one third of 
mortality in the world [1, 2]. CVD is the general name for the disorders of the heart and 
blood vessels and includes hypertension (high blood pressure), coronary heart disease (heart 
attack), cerebrovascular disease (stroke), peripheral vascular disease, heart failure etc. Most 
CV diseases are due to atherosclerosis. 
Atherosclerosis is a disease of the intimal and medial layers of artery wall. It involves the 
accumulation of foam cells engorged with low-density lipoprotein (LDL) cholesterol within 
the arterial wall. It presents as fatty streaks in the early stage. In the later stage there is wall 
thickening and a lipid pool arising from the breakdown of the foam cells. The diseased region 
is called plaque (Fig. 1.1). Plaques may grow large enough to significantly reduce the blood's 
I 	 ' 
Figure 1.1: Plaque deposition on the artery wall fReprintedfmm http://www.medimager - conz/ 
atherosclerosis.html, copyright (1997)] 
Introduction 
flow through an artery. However, most of the damage occurs when plaque ruptures before it 
grows large enough to block the artery lumen [3]. Plaque rupture results in spillage of plaque 
contents into the lumen of the vessel, and there may be thrombosis. The ejected material may 
block the artery and cause a reduction in the blood flow (ischaemia), or may break off and travel 
to another part of the body and block smaller downstream arteries. If either happens and blocks 
a blood vessel that supplies blood to the heart, it causes a heart attack; if it blocks a blood 
vessel that feeds the brain, it causes a stroke; if blood supply to the arms or legs is reduced, it 
can cause difficulty in walking (claudication) and when blood flow become critical at rest there 
can be tissue death and gangrene. 
1.1.2 Clinical Management of Stenosis 
Atherosclerosis usually does not cause any symptoms until it severely narrows an artery or 
totally blocks an artery. The goals of treatment are to reduce the symptoms and prevent the 
complications of atherosclerosis. Treatments may include life style change, medication and 
surgery. Eat a low-fat diet, weight loss, and exercise are usually suggested [4]. Medication may 
be used to reduce fats and cholesterol in the blood, and lower blood pressure. Anti-coagulants 
may be used to reduce the risk of clot formation. Carotid surgical operation is performed when 
the stenosis becomes severe enough (>70% diameter reduction). 
Several procedures are used in the treatment of stenoses. Balloon angioplasty is used to open 
blocked or narrowed arteries in the body. A stent may be placed in the artery to keep it open 
after the angioplasty procedure. Endarterectomy [51  may be used to remove plaque buildup 
from the carotid artery in the neck. A more invasive procedure, bypass graft may be used to 
create a bridge that bypasses the blocked section of the artery with healthy artery or vein from 
another part of the patient body. In lower limb vascular surgery amputation is performed for 
the removal of gangrenous tissues. 
The risk factors associated with these surgical procedures include blood clot, heart attack, 
damage to a heart valve or blood vessel, stroke, arrhythmia, bleeding in the catheter access 
site, kidney failure and even death. Randomised trials for risk of the above surgeries have been 
assessed by different organizations. The American Coronary Artery Bypass Graft Surgery 
Trialists Collaboration showed that the mortality risk of patient groups who underwent the 
2 
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Coronary Artery Bypass Graft (CABG) and the medication treatment are 10.2% vs 15.8% at 
5 years, 15.8% vs 21.7% at 7 years, and 26.4% vs 30.5% at 10 years [6]. The European 
Carotid Surgery Trial (ECST) and North American Symptomatic Carotid Endarterectomy Trial 
(NASCET) have shown that the risk of stroke in the patient groups which did and did not 
undergo endarterectomy are 6% and 11% respectively [7,8]. 
In general, surgery is beneficial for high degrees (70-99%) of stenosis [9]. However, not all 
the people who have a >70% stenosis will suffer from plaque rupture, stroke or heart attack. 
Observations showed that some plaques are more vulnerable to rupture than others (this will 
be discussed further in Sec. 1.2.3). Decisions solely based on lumen diameters could result in 
surgical operations that may be too late for some patients while not necessary for others. 
1.1.3 Medical Imaging Techniques 
When someone shows the symptoms of a stroke or heart attack, computer imaging tests may 
be used to help the doctors to detect the blockage of arteries and to know how severe they 
are. Several imaging techniques are used to visualize the vasculature. X-ray angiography has 
been used for decades. It is widely regarded as the 'gold standard' and is still used in virtually 
all surgical workup. Both MRI and ultrasound are non-invasive techniques which have been 
increasingly used over the last 20 years. Brief details of these techniques are given below. 
X-ray Imaging 
In X-ray imaging, The X-ray opaque iodine-based substances called contrast agents are 
injected into the blood stream to highlight the lumen during data acquisition. The bone 
and tissue will be subtracted by comparison with a pre-injection image. Reconstruction of 
three-dimensional models requires at least two acquisitions. The X-ray angiography can give 
high quality images (Fig. 1.2) and detect blocked blood vessels. The degree of stenosis can be 
calculated by the difference of the lumen diameter at the throat of the stenosis and the lumen 
diameter at the normal region divided by the normal lumen diameter. X-ray angiography is the 
most widely used arterial imaging technique at this time, however, it has limitations associated 
with its 2D nature where plaque on the AP (anterior and posterior) surface are underestimated, 
though 3D rotational angiography has been developed [10, 11], and this has been made 
available commercially, it is not widely used. It is also an invasive technique and there is 
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also considerable risk associated with the procedure. In general, there is a risk of bleeding, 
infection, and pain at the catheter insertion site; the catheters could actually damage the blood 
vessels; blood clots could form on the catheters and later block blood vessels elsewhere in 
the body; the contrast material could damage the kidneys; exposure to radiation could cause 
damage to the cells in the body, etc. 
Figure 1.2: X-ray image of stenosed carotid artery [Reprinted from Medlineplus website, 
Medical Encyclopedia, Carotid stenosis, X-ray of the right artery, Copyright 
(2005)] 
Magnetic Resonance Imaging (MRI) 
In MRI, the blood-tissue contrast is achieved by utilizing the differences in the magnetic 
spin relaxation properties of tissue and blood. There are a variety of different techniques 
that are used in medical imaging which can be divided into either black-blood techniques or 
bright-blood techniques [12, 13]. 'Bright blood' model means that the signal from blood is 
enhanced at the expense of the signal from the tissue. 'Black blood' model means the signal 
loss from blood is suppressed. The intensity of the blood signal is proportional to the velocity of 
blood flow. The degree of stenosis can be calculated in the same way as the X-ray angiography. 
MRI can produce high-resolution three-dimensional images (Fig. 1.3) non-invasively with 
negligible risk. However, slowing flow region and recirculation region can induce signal loss. 
As a result, the data from MIII would overestimate the degree of stenosis. This problem can be 
reduced, but not eliminated, by the use of contrast agents. 
In some situations, the MRI scan should be avoided. These include any patients with a 
pacemaker, implanted neurostimulator, metallic ear implant or any other metallic object within 
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Figure 1.3: MR image of the neck vessels / Reprinicd porn /irtp://www radiographzcceu.con/ 
article5.html, Nick Joseph, 'Trauma Imaging of the Cervical Spine', Copyright 
(2000)] 
the body, any patients who are very claustrophobic and cannot lie still for several minutes. MRI 
is also relatively expensive compared with other imaging techniques. 
Ultrasound Imaging 
Ultrasound is widely used because it is cheap and safe. In ultrasound imaging, a high frequency 
beam is transmitted into the body. Collecting and analyzing the returned echoes produce 
an image. The image quality is determined by the proximity of the transducer to the tissue 
of interest, so ultrasound imaging is typically used in superficial vessels such as carotid and 
femoral arteries. Ultrasound is a real time 2D technique which is especially suited for the rapid 
scanning of a large number of patients. Modern systems offer high resolution imaging of plaque 
(Fig. 1.4 (a)) and blood flow velocity (Fig. 1.4 (b)) which are suitable for the measurement of 
lumen diameters. Fig. 1.4 (a) shows an ICA plaque. Fig. 1.4 (b) shows the velocity in a 
femoral artery stenosis (up) and a femoral vein (bottom). The yellow and red colour represent 
the positive velocity, the blue colour represent the negative velocity. The unit is in cm/s. The 
velocity in this figure ranges from -16 cm/s to 16 cm/s, which means that the measurement is 
made during diastolic phase. Turbulent flow is induced by the stenoses. 
1.1.4 Summary 
Atherosclerosis has been introduced. Stenotic disease is a big clinical problem which causes 
substantial disability and death each year, and induces a heavy clinical and financial burden. 
Current surgical guidelines are based on the severity of stenoses, not on the vulnerability of 
plaques to rupture. The major imaging techniques in clinical use are also introduced. 
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ia 	 (b) 
Figure 1.4: 2D ultrasound image of (a) an 1C'A plaque and (b) velocit 
measurement in femoral artery stenosis [Reprinted from GE healthcare 
http://www.vividlibrary.com/index.cfrn /  
1.2 Anatomy and Sites of Arterial Disease 
1.2.1 Arterial System 
The arterial system consists of the vessels which carry blood from the heart to different parts of 
the human body. The main arteries are shown in Fig. 1.5 
The preferred sites of stenotic diseases include the cerebral artery, the coronary artery, the 
abdominal aorta, the carotid bifurcation and the femoral artery. The common features of 
these arteries include curvature and bifurcation, where secondary flow and recirculation might 
develop and consequently change the fluid loading on vessel walls [14-16]. 
1.2.2 Composition of Arteries 
The arterial wall is composed of three layers: intima, media and adventitia [171 (Fig. 1.6). 
The intima is the innermost layer of the artery. It has a single layer of endothelial cell lining 
the artery wall, which prevents platelets and other blood suspending particles from adhering 
to the lumen surface. Below the endothelial cell layer is a basement membrane, which is 
made up of collagen, fibronectin, and laminin. In young healthy humans, the intima is very 
thin and contributes very little to the mechanical properties of the artery. However, the intima 
thickens and stiffens with age so that the mechanical properties may become significant. The 
media makes up the biggest volume of the artery and contributes significantly to its mechanical 
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collagen fibres, and it is separated from the intima and adventitia by the so-called internal 
elastic lamina and external elastic lamina respectively. The adventitia is the outmost layer of 
the artery and consists mainly of collagen, nerves, fibroblasts and some elastin fibres. The 
adventitia is surrounded by connective tissue. By tethering to the perivascular tissue, it helps to 
provide additional structural support. At low pressures, the adventitia is much less stiff than the 
media. However, at higher pressures, the collagen fibres reach their straightened lengths and 
the adventitia changes to a stiff tube which prevents the artery from overstretch and rupture. 
1.2.3 Composition of Plaque 
Atherosclerosis causes changes in the composition of the artery wall. The first step of 
atherogenesis is the development of fatty streaks, which are the foam cells composed of 
macrophages and a lesser number of T lymphocytes. This initial damage to the blood vessel 
wall results in an inflammation and healing response, which causes the formation of a fibrous 
covering overlying the original atherosclerotic zone. As this "cap" matures, some fraction of 
the foam cells underneath the cap die, and release lipid [3]. 
At the early stage of atherogenesis, an increase in wall thickness is usually accompanied by 
arterial remodelling to preserve vessel lumen, which results in a normal vessel appearance on 
lumen based imaging methods such as angiography. As the plaque develops, it will finally 
result in encroachment of the lumen which is detectable on angiography [18]. 
Clinically the main distinction is between 'vulnerable plaque' which have a high risk of rupture, 
and 'stable plaque' which are at low risk of rupture [19]. The vulnerable plaque, also called 
fibro-lipid plaque, is characterized by a large lipid core with a thin overlying fibrous cap. If a 
rupture occurs for the fibrous cap, a platelet accumulation and clotting response over the rupture 
rapidly develops. Additionally, the rupture may result in a shower of debris, which could induce 
serious outcomes to the individual. Stable plaque, also called fibrous plaque, is characterized 
by a reduced lipid pool with fibrosis and calcification. The fibrous plaque contains collagen 
fibres, calcium and only a small amount of lipid. 
Studies show that life style change such as lowering lipid through diet may reduce the size 





In this section, the general anatomy of the arterial system and the common sites of diseases have 
been introduced. The composition of healthy artery and the changes in composition as disease 
progresses have been described. Disease is predicated towards specific anatomical areas. There 
are substantial changes in tissue composition as disease progresses, and there are two general 
formulations of atherosclerotic plaque which relate to risk of rupture - 'unstable plaque' which 
consists of a thin fibrous cap and large lipid pool, and 'stable plaque' with a thick fibrous cap 
and small or no lipid pool. 
1.3 Biomechanical Factors in Atherosclerosis 
Current research is concerned with trying to find out the mechanism of the formation of 
atherosclerosis, how plaque develops and changes over time, and why plaque ruptures and 
leads to blood clots. All of these processes are closely related to the biomechanical factors. 
The aim of this section is to outline biomechanical forces on artery walls, and the relation of 
biomechanical forces to disease initiation, progression and rupture. 
1.3.1 Biomechanical Forces in Arterial Wall 
1.3.1.1 Biomechanical Forces in Arteries 
Biomechanical forces in arteries include the shear stress on the wall and the stresses within the 
wall as a result of blood pressure. The wall shear stress (WSS) can be calculated with the fluid 




Where 'r denotes the shear stress, ,u is the viscosity of fluid, u is the axial velocity of blood, and 
r is the radial distance to the vessel wall. For axisymmetric flow, only the axial component of 
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the WSS is important. Throughout the arterial tree, shear stresses vary with location and time 
because of the varying flow features along the arterial tree. 
Apart from the shear stress, the other major hemodynamic force on an artery wall is the 
transmural pressure. The blood pressure distends the vessel wall like a balloon and the vessel 
resists this distention force with a Hoop stress in the circumferential direction. Hoop stress can 
be estimated by Laplace's Law as 
(1.2) 
where or is the Hoop stress, P is the transmural pressure, r is the radius of the artery lumen and 
h is the wall thickness. The assumptions underlying the Laplace's law includes the static and 
homogeneous pressure field, the circular tube, and the small thickness of the wall. 
Arterial wall is under complex loading conditions. Mises stress, which is a scalar function of the 
components of the stress tensor, can be used as a measurement of the overall stress magnitude 





2-a3)2 +(a3-o1)2 (1.3) = V  
where Ui,  a, £73 are the principal stresses [21]. 
1.3.2 Biomechanical Factors in Disease Development 
Disease initiation 
It has been observed that atherosclerosis preferentially occurs in curved arteries or in the 
vicinity of bifurcations and junctions. These geometry changes have great effects on flow 
behaviour, consequently causing a large change in fluid loading on the vessel walls. The 
fluid loading is suspected to play an initiation role in atherogenesis. Texon [14] was one of 
the earliest investigators who suggested that there exists a causative relationship between flow 
behaviour and atherosclerosis. Subsequent studies suggested that it was wall shear stress that 
influences the initiation of atherosclerosis. Caro et al [15] claimed that atherosclerosis is likely 
to occur in low wall shear stress regions. He suspected that low and oscillating wall shear stress 
would increase the residence time of suspending particles such as platelets, leukocytes, and 
macrophages and therefore enhances the possibility of the particle's deposition on the intima. 
10 
Introduction 
Altered flow condition such as separation, flow recirculation, low and oscillating shear stress 
and abnormal pressure pulse pattern are all recognized as potentially important factors in the 
development of arterial diseases. 
On the other hand, an experimental study [22] find that arteries can adapt their diameters to 
maintain the wall shear stress within a narrow range of values around 15 dynes/cm 2 . Giddens 
[23] therefore hypothesized that intimal thickening is a normal response to the low wall shear 
stresses, and this intimal thickening can develop into early atherosclerotic plaque when there 
are excessive low density lipoprotein (LDL) cholesterol concentration in blood. 
Plaque progression 
Gibson [24] studied the relationship between the vessel wall shear stress and the change 
in arterial diameter at multiple points along the artery length. His results showed that low 
shear stress was significantly correlated with an increased rate of atherosclerosis progression. 
However, his research is only carried out for mildly diseased vessels. The flow patterns and 
the wall shear stress distribution will change substantially once lumen narrowing occurs. It was 
therefore reasonable to assume that a correlation between plaque distribution and low wall shear 
stress primarily applies to the vessel segments which undergo compensatory enlargement [25] 
but no lumen narrowing. When the lumen is narrowed, Wahle's study [26] showed that the 
correlation is much more pronounced between plaque distribution and local curvature than 
between plaque distribution and wall shear stress. 
The composition of plaque is highly variable which in turn can determine the stability of 
the plaque. It is therefore clinically important to understand the mechanisms which are 
responsible for the major variations in plaque composition. Dirksen [27] investigated the 
effect of local variations of arterial flow on the differences in the distribution of smooth muscle 
cells (SMCs) and macrophages in plaques. They found that there exist significant differences 
in cell composition between upstream and downstream parts of plaques. The downstream 
areas contain significantly more SMCs, while the upstream areas contain significantly higher 
concentration of macrophages. Since SMCs contribute to the strength of the arterial wall, while 
macrophages are supposed to reduce tissue strength, this distribution implies a relationship 
between high flow/high shear and plaque vulnerability. It is suspected that wall shear stress 
acting on endothelium may affect the underlying tissue remodelling and can determine the 
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stability of the caps of vulnerable plaques [18,28]. 
The mechanism of plaque development is complex and still not well understood. Further study 
in this area is necessary. 
Plaque rupture 
It is well established that stroke or heart attack often occurs when a plaque ruptures before it 
actually blocks the artery (Hackett et al 1988; Mann and Davies 1996). A lot of research has 
been focused on the mechanism of plaque rupture. Cheng [29] compared the circumferential 
stress in ruptured and stable atherosclerotic lesions. He found that 83% of ruptures occurred in a 
region where computed stress was more than 2,250 mmHg. He concluded that the concentration 
of circumferential tensile stress in the atherosclerotic plaque may play an important role in 
plaque rupture, while local variation in plaque material properties contributes to plaque rupture. 
Loree et al [30] analyzed the relationship between the distribution of circumferential stress with 
the thickness of lipid pool, the thickness of fibrous cap and the stenosis severity. They found 
that the peak circumferential stress is highly dependent on the plaque structure. Reducing 
the fibrous cap thickness without changing the stenosis severity dramatically increased peak 
circumferential stress, while increasing the stenosis severity by increasing the thickness of 
fibrous cap actually decrease the peak circumferential stress. Lee et a]. [31] proposed that 
turbulence near a plaque surface can cause pressure fluctuation, which may induce oscillating 
stresses with the wall and promote final rupture. 
These results showed that percentage of stenosis alone is not sufficient in predicting the 
risk of individual plaque rupture. The combined effect of hemodynamic factors, the plaque 
composition, plaque property and biomechanical forces may give more sensible criteria in 
determining the risk of plaque rupture. 
1.3.3 Summary 
Biomechanical forces are intimately related to the initiation, progression and rupture of 
atherosclerosis plaque. Early data about the relationship are mainly based on correlation with 
autopsy. There is a general need for the estimation of biomechanical forces. Different methods 
for estimation of biomechanical forces are discussed in next section. 
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1.4 Methods for Estimation of Biomechanical Forces in Stenosis 
in-vivo 
1.4.1 Simplified Experimental Method 
Experimental measurement of wall shear stress requires the measurement of viscosity and the 
velocity gradient very close to the wall (eqn. 1.1). Experimental measurement of hoop stress 
requires measurement of the pressure field on the artery wall, and measurement of the wall 
thickness (in other word, detection of the inner and outer boundary of the vessel wall) (eqn. 1.2). 
Some attempts have been made to estimate the WSS and hoop stress from experimental 
measurements. Sehgal et al [32] estimated the average WSS and hoop stress in arteries 
before and after the stent implantation, where a fully developed parabolic velocity profile 
for Poiseuille flow is assumed. Temporal average value of the instantaneous maximal blood 
velocity Vmas was recorded and used to calculate the volume flowrate by Q = 0.5Vma A, 
where A is the cross sectional area acquired from imaging. Shear stress is estimated from 
WSS = 32/LQ/(7rD 3 ) (where blood viscosity t is considered as a constant value, and D 
is vessel diameter from imaging). Hoop stress was estimated from eqn. 1.2 with the average 
pressure, radius and thickness of the vessel wall from measurement. Donot et al [33] used the 
same method to measure wall shear stress of human coronary arteries in-vivo. 
The estimation of WSS from experiments is able to provide a rough mean value of WSS at a 
local position. However, it is not able to be quantitatively accurate. It is also difficult to acquire 
the WSS and hoop stress distribution along the whole arterial tree [32]. 
1.4.2 Imaging Method 
Several imaging techniques such as Ultrasound and MIRI can be used to measure the velocity 
values in-vivo with spatial resolutions less than 0.4 mm, which enables a better estimation of 
WSS. 
Investigations have been carried out to measure the velocity values using ultrasound [34] and 
MRI [35]. Computation of WSS from imaging data requires accurate segmentation of lumen 
wall boundary, and calculation of the velocity gradient from the discrete velocity values around 
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the lumen wall. Curve fitting is used to obtain the velocity profile across the whole lumen, and 
velocity gradient at the wall is then derived from the velocity profile. Errors are associated with 
curve fitting of velocity profile [36] and segmentation of the wall location [37]. 
Although with the above limitations, the imaging techniques made it possible to obtain the 
WSS distribution in some arterial segments such as carotid bifurcations [35]. 
1.4.3 Mathematical Modelling 
Mathematical modelling of arteries has been carried out in the last several decades. The 
estimation of WSS and the estimation of stress field within the wall have been made separately. 
For the estimation of WSS, it is required to model the flow field. One dimensional (1D) 
transmission line model, 1D modelling and 3D modelling of blood flow provide three different 
ways to model the blood flow characteristics in arteries. For the estimation of the stress 
field within the wall, arterial wall constitutive relations are needed to analyze the mechanical 
response under physiological loads. Finite element modelling (FEM) is normally used to solve 
the governing equations for the arterial wall and investigate the stress and strain field within 
the artery wall. Studies on hemodynamics and vessel wall mechanics have been carried out 
separately for many years. Only in recent years, the flow-wall coupled simulation is proposed 
to study the combined effects of blood flow and vessel wall mechanics. In this way, the WSS 
and hoop stress can be simulated under physiological flow conditions. 
1.4.3.1 1D Transmission Line Model 
A theoretical solution of the oscillating flow in a thin-walled elastic tube was proposed by 
Womersley in 1955 [38,39]. Based on the Womersley's solution for pulsatile flow in an elastic 
tube, a one dimensional (11)) transmission line model was developed to simulate the pressure 
and flow wave propagation throughout the arterial tree [40,411. 
In a 1D transmission line model, the whole arterial system consists of multi-segments with 
branching structures according to the anatomical structure of the arterial tree [40]. The system 
includes all the major arteries. Each segment has realistic dimensions and arterial properties. 
Peripheral branches are terminated with an impedance giving a specified reflection coefficient. 
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In this method, the input impedance of a single artery segment can be calculated from its 
characteristic and terminal impedance. The input impedance of the entire vascular tree can 
be calculated by assembling all the artery segments. With a flow rate as input signal, the 
Fourier coefficients of the input pressure can be determined by the input impedance of the 
vascular tree times the Fourier coefficients of the input flowrate, and the inlet pressure wave 
can be determined by an inverse Fourier transform. The pressure and flow rate waveforms at 
any positions within the arterial tree can be computed by applying the conservation of mass and 
continuity of pressure at the branches [40]. By assuming a fully developed Womersley velocity 
profile in each segment of the arterial tree, the 1D transmission line model has been extended 
to estimate the WSS distribution along the arterial tree [42] 
The 1D transmission line model, as noted by Pedley [43], enables most of the main, linear 
mechanisms affecting the pulse wave to be analyzed simply and hence understood in some 
depth. However, as a simulation tool the frequency-domain approach has three drawbacks. The 
first one is that, the geometry of each segment is simplified into a straight circular tube, and the 
realistic shape of the arterial system is not taken into account. The second one is that, in order to 
get the input impedance of the whole arterial tree, one must start from the periphery, working up 
generation by generation to the aorta, which requires knowledge of the physical properties of all 
the branches. It is actually impossible to measure all the properties in-vivo. The third one is that, 
the nonlinear term in the Navier-Stokes equation is neglected, which makes it inapplicable in 
some cases where nonlinearity is significant. As large-scale computation became more feasible, 
therefore, many scientists went back to the time-domain approach, in which the propagating 
waveform is calculated directly from the complete one-dimensional equation of motion, which 
is discussed in the next section. 
1.4.3.2 One Dimensional Modelling of Blood Flow 
One dimensional simulation models are based on the assumptions that flow velocity in the axial 
direction is much greater than the flow velocity along the other directions. The pressure over 
a cross section area does not vary much and can be considered as constant. The continuity 
equation and momentum equation are integrated over the arterial cross sections, and the 
integrated equations are solved in the one dimensional domain. Consider a uniform elastic tube 
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containing an incompressible viscous fluid,' the integrated governing equations become [44], 
ÔÂ + OQ _ 
— 0 	 (1.4) 
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where A is the cross sectional area, Q is the volumetric flow rate, p is the internal pressure, 
p and v are density and kinematic viscosity of the fluid respectively, the final term in (1.5) 
represents the the resistance due to viscosity. 6 is the boundary layer length (6 << R). For the 
determination of 8, a sensible velocity profile needs to be assumed. In Olufsen's work [44], it 
is assumed to be flat outside of the boundary layer, and the velocity change linearly from zero 
to the main stream velocity inside the boundary layer. 
The unknowns in this system are A, p and Q. The number of unknown variables exceeds the 
number of equations. To close the system, a constitutive equation relating the internal pressure 
p and the cross sectional area A is needed. 
The pressure and cross sectional area relationship described by Olufsen [44] is as follows, 
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(1.6) 
where Eh is the following function of x (x denotes the location within the artery tree): 
Eh 
ro(x) — 
- k1 exp[k2ro(x)] + k3 	 (1.7) 
E is the Young's Modulus, h is the wall thickness, and ro is the radius at the reference pressure 
p0. In this relationship, the coefficients k1,k2 and k3 are derived by the best fit to experimental 
data. 
The one dimensional simulation model has been used to study the pulse wave propagation 
in arteries with and without vascular diseases [44,45]. It can also be used to calculate the 
distribution of WSS throughout the arterial tree from the flowrate solutions and the pre-assumed 
velocity profile. Compared with the 1D transmission line model, the advantage of this model is 
that it can utilize the realistic vessel geometry from medical imaging techniques, and allow the 
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nonlinearity to be modelled. The disadvantage is that it is not able to give detailed flow field in 
the interested area such as curves and bifurcations, which will lead to errors in the estimation of 
WSS. This disadvantage can be overcome by three dimensional modelling, which is discussed 
in the next section. 
1.4.33 Three Dimensional Modelling of Blood Flow 
Theoretical analyses of three-dimensional, unsteady flows in complex geometries are difficult. 
Over the past few decades, computational fluid dynamics (CFD) has proven to be a practical and 
reliable approach for studying 3D unsteady blood flow in complex geometries such as curves 











where p is the fluid density, t is time, u, i = 1, 2,3 are the components of the velocity vector, 
x, j = 1,2,3 are the spatial coordinates, F, i = 1,2,3 are the components of external 
forces, o, i, j = 1, 2, 3, are the components of stress tensor, which is given by the constitutive 
equation as, 
orij = P6ij + 	i, j = 1, 2,3 	 (1.9) 
In equation (1.9), p  denotes the fluid pressure, 5ij the Kronecker delta, A the dynamic viscosity, 
and e 3 , i, j = 1, 2, 3, are the components of the strain rate tensor defined as follows, 
eij= 
1 (an, 	au3 	
(1.10) 
In CFD simulation, a complex geometry is discretized into a large number of smaller elements, 
and the discretized Navier-Stokes equations can be solved at the nodes connecting these 
elements. It is possible to directly solve the Navier-Stokes equations for laminar flow cases, 
however, for the turbulent flow cases, direct numerical simulation (DNS) is still expensive 
for the current computing machines. So turbulence models are required for turbulent flow 
simulations. Large eddy simulations and the RANS formulations (Reynolds-averaged 
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Navier-Stokes equations) are two commonly used techniques. In turbulent flow the diffusivity 
increases and the exchange of momentum increases. The increased diffusivity also increases 
the flow resistance in internal flows. In the RANS equations, the enhanced diffusivity is 
represented by the additional turbulence viscosity term (eqn. 5.4). 
Early works in 3D modelling of blood flow are concerned with idealised tubes [46], curves [47, 
48], and bifurcations [49]. Later studies involved idealised anatomical geometries for clinically 
important sections such as the aortic arch, the carotid arteries, the coronary arteries and the 
femoral arteries. 
Perktold investigated the blood flow in anatomically realistic carotid bifurcations [50, 51]. 
Their results have served to identify the flow recirculation regions, the distributions of WSS 
and pressure, and the velocity profiles within the bifurcation. Shalicheraghi studied the 
three-dimensional pulsatile blood flow in a human aortic arch and its three major branches [52]. 
The results demonstrated that the maximum flow velocity is skewed towards the inner aortic 
wall in the ascending aorta, but this skewness shifts to the outer wall in the descending thoracic 
aorta. Extensive secondary flow motion was observed in the aorta. Wall shear stresses were 
generally high along the outer wall in the vicinity of the branches and low along the inner wall. 
Compared with experimental studies, it is very easy to change model parameters such as 
flowrate and wall properties in CFD simulations. With a realistic geometry reconstructed from 
in-vivo imaging techniques, a patient specific velocity field can be obtained from CFD, and 
it is straightforward to extract WSS and other important hemodynamic quantities from the 
CFD solution. All these features have made CFD an attractive tool for hemodynamics research. 
However, CFD simulation cannot stand alone. It requires appropriate boundary conditions such 
as flowrate and pressure waveforms measured from imaging techniques and tonometry [53],  or 
the flow and pressure waveforms derived from 1D model. 
Computational investigations also need to be validated using analytical solutions and/or in-vitro 
and in-vivo experiments. Analytical solutions of the N-S equations (eqn. 1.8) are only available 
for a few cases. For the blood flow field, the most famous one is Womersley's solution for fully 
developed pulsatile flow in a straight circular tube [54]. Womersley's solution has served as 
a benchmark in accessing numerical accuracy. Chandran [55] published a piece of work on 
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the analytical solution of fully developed oscillating flow in a thin-walled curved elastic tube, 
which is an extension to Womersley's work. For more complex geometries, in-vitro experiment 
has been used to validate the numerical methods. Quantitative comparison of the velocity and 
WSS field from magnetic resonance imaging (MRI) and computational fluid dynamics (CFD) 
modelling were carried out for steady [56,57] and unsteady [35] flow in healthy and stenosed 
[58] carotid bifurcation phantoms. Results showed that good agreements were found between 
the MR1 and CFD results except in regions of disturbed flow after the bifurcation. Results 
in stenosed phantom showed unsatisfactory agreement between the MIRT and CFD results in 
the downstream of stenosis region. It is suspected that when the complex flow features such 
as recirculation and secondary flow occur, M1RI measurement of the velocity field and image 
segmentation is more difficult, which might be the reason of the unsatisfactory agreements. 
Validating the numerical results by in-vivo experiments is much more difficult. Ku et al. [59] 
compared the simulated flowrates with the in-vivo measured flowrates by MRJ techniques 
in eight pigs. The results showed that the simulated and measured waveforms have similar 
shapes and amplitudes. It seems that computational methods are able to predict the flow field 
qualitatively, however, the in-vivo experimental validation studies are still very preliminary and 
more studies on the validation of detailed flow profiles and pressure distributions are necessary. 
1.43.4 Solid Mechanics of the Vessel Wall 
The stress and strain within the arterial wall is often modelled by the finite element method 
(FEM). However, the FEM simulation cannot be carried out before a basic understanding of 
the arterial wall mechanical properties is acquired, i.e. the theoretical formulations of the wall 
constitutive equations is deduced, and the material parameters for a specific constitutive relation 
is fitted from appropriate experimental data. 
General Characteristics of Artery Wall 
It has been observed that the healthy artery walls are structurally heterogeneous, mechanically 
anisotropic and incompressible, and have a nonlinear stress-strain relationship [17,60]. 
On the microscopic level, the healthy artery wall is not homogeneous. It is composed of elastin 
and collagen and other components. The distribution of these components varies with radius 




the elastin and collagen is load dependant and consequently the mechanical properties also 
change with load. Heterogeneity can be modelled by incorporating the microstructures such as 
cells, fibres, and network of elements. The benefit of such a structural model is that the fitted 
constitutive parameters have physiological meaning related to the microstructure [611. 
The arterial wall has a layered structure and the components such as collagens, smooth muscle 
cells and elastins have their own orientations, so the arterial wall is structurally anisotropic. 
Because of this, it is reasonable to suppose that the artery wall has anisotropic mechanical 
properties. Some studies showed that the arterial wall is stiffer in the circumferential direction 
than in the axial direction [62-64], however, others reported opposite results [65,66]. The artery 
wall at different part of the arterial tree may present different properties. Tanaka and Fung [67] 
showed that the canine thoracic aorta is stiffer in the axial direction than in the circumferential 
direction, while vice versa in the iliac and femoral arteries. The anisotropy may also depend 
on the force and deformation conditions. Weizsacker and Pinto [68] find that in rat carotid 
arteries, the axial stress is independent of the internal pressure in the vicinity of the averaged 
physiological state of deformation, and the arterial wall is isotropic for the physiological range 
of internal pressure and axial force. Dobrin [64] obtained a similar conclusion for canine carotid 
arteries. Because of the limitation in the experimental data about human arterial properties 
under physiological pressure loadings, it is hard to say whether it is isotropic or anisotropic. 
Under the assumption of isotropy, the stress-strain data in one of the three directions (usually 
the axial or the circumferential) is experimentally measured, while for the other two directions, 
the mechanical property are assumed to be the same as the property in the measured direction. 
The artery wall is often considered as incompressible. Incompressible means the wall volume 
is conserved during the deformation of the artery wall. The incompressibility assumption is 
based on the fact that the arterial wall contains more than 90% water, which is incompressible at 
physiological pressure. This is verified by experimental work when Carew and his co-workers 
measured the total volume change during arterial deformation [69]. 
Aging, hypertension, and arterial diseases may alter the mechanical properties of arterial 
walls. Experimental data from normal human arteries showed that the wall thickness increases 
with age [70]. As a result of increased wall thickness, wall stiffness increased as well [71]. 
Hypertension is a condition of persistently elevated blood pressure, associated with increased 
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cardiovascular risk. Structural and mechanical properties of the arterial wall can be altered 
in hypertensive patients. Studies of large arteries in hypertensive subjects showed that wall 
thickness and stiffness increases very rapidly in response to hypertension [72]. 
In atherosclerosis, the local composition changes cause local elastic property changes around 
the plaque. Since the lipid is considered to be softer than the normal arterial tissue, the 
combination of local property change with wall thickening may yield an inconclusive result. 
Experimental works are trying to find out the effects of these changes on the arterial wall 
stiffness. Arterial stiffness can be described as material stiffness and structural stiffness. For 
example, the material stiffness in the circumferential direction is represented by the incremental 
circumferential elastic modulus or the slope of the circumferential stress-strain curve; however, 
the structural stiffness in the circumferential direction is expressed by the pressure-diameter 
relationship. More detailed discussion about material stiffness and structural stiffness can be 
found in [60]. 
Structural stiffness normally increases with the progression of atherosclerosis due mostly to the 
increase in wall thickness, however, material stiffness may stay unchanged or even decrease. 
It is likely that the calcification would increase the elastic modulus. At the earlier stage of 
atherosclerosis, Hayashi et al [60] showed that there is essentially no changes in the material 
stiffness unless there is considerable calcification in the wall. There is little data on the changes 
in elastic properties of atherosclerotic plaque as disease progress and more work is needed in 
this area. 
Constitutive Relations 
Constitutive relations describe the relationship between stresses and strains developed within 
a material under certain load conditions. The constitutive relations for an artery wall are 
very important because they enable the analysis and prediction of the stress field through 
the simulations. Theoretical research has been carried out to find appropriate formulations 
of constitutive relations for the arterial wall. According to a specific constitutive framework, 
uniaxial loading tests and multiaxial loading tests are designed to acquire the necessary data to 
fit the material parameters. 
Uniaxial loading test 
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Uniaxial tests are performed on a sliced ring of arterial wall or a strip of tissue. It is simple 
but can provide very useful information about the material properties. There are different 
mathematical expressions to describe the stress-strain relationship in uniaxial tests [73, 74]. 
The simplest of these suppose a linear relationship between the stress-extension ratio and the 
stress, which is expressed as follows, 
dP/dA=BP+C 	 (1.11) 
where B and C are constants. This can also be expressed by 
P = A[exp(B(..\ - 1)) - 1] 	 (1.12) 
where P is normal component of the first Piola-Kirchhoff stress in the experimental direction, 
) is the stretch ratio, A, B, C are the material constants with A equals C/B. 
Uniaxial tests have been used extensively in early biomechanical investigations, however, due 
to the presence of mechanical anisotropy, uniaxial data cannot be used for parameter estimation 
in generalized 3-D anisotropic constitutive equations, even if multidimensional strain data from 
the uniaxial experiment are available, so it is necessary to perform biaxial or triaxial loading 
tests. 
Multiaxial loading test 
Multiaxial loading tests are used to derive the parameters for multiaxial constitutive equations. 
There are mainly two types of multiaxial constitutive models which have been proposed for the 
arterial wall: hyperelastic [75-77] and viscoelastic [61,78]. The hyperelastic model assumes 
that a material can store energy during the loading process and that this energy is released 
during unloading. The deformations are reversible for hyperelastic materials. Viscoelastic 
formulations include time-dependent responses in the constitutive equation and are useful for 
modelling creep, stress relaxation and hysteresis. 
The artery wall is often treated as hyperelastic, therefore the mechanical properties of the artery 
wall have often been analyzed on the basis of strain energy density function (SEDF). The strain 
energy is a function of the strain state, and it is independent of the path between the initial and 
final strain states. If there is such a one-to-one relationship, then the elasticity theory shows that 
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there exists a SEDF from which stresses can be computed from the strains by differentiation 




w-- 	 (1.13) 
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where W is the strain energy function per unit volume of the tissue. S and or are the second 
Piola-Kirchhoff stress and the Cauchy stress respectively. E is the Green strain tensor, which is 
defined as 
E = (FT.F_I)  
I is the identity tensor, and F is the deformation gradient which is defined as F = Ox/OX, where 
X represent the location of a material particle in the original configuration, and x the location 
of the same material particle in the deformed configuration. 
There are mainly three different forms of SEDF: polynomials [80], exponential functions [75, 
8 1 and logarithmic expressions [82]. 
The widely used form of SEDF for artery wall is Fung's type, which has an exponential form, 
W=C(e-1) (1.16) 
where Q = c1E + c2E + c3E + 2c4EeE + 2C5Ez Er + 2C6ErE9, E9, E, Er are the 
circumferential, axial and radial components of the green strain tensor, and C, c1 - c6 are the 
material constants. 
Since the arterial wall is almost incompressible under physiological load conditions, some 
modifications are needed to enforce the constraint of incompressibility. Incompressibility can 
be modelled by constraining the constitutive equations directly or using Lagrange Multipliers. 
In direct method, the stretch ratio in one direction can be defined in terms of the other two 






where dL is the distance between two particles in the original configuration, while dl is the 
distance between the same two particles in the deformed configuration. For incompressible 
materials, the volume does not change during the deformation, so we have 
A9Ar Az = 1 
	
(1.18) 
where A9, Ar , and A, are the circumferential, radial, and axial stretch ratios respectively. So 
that the radial stretch ratio can be written as 




Another way to include the incompressibility is by using a Lagrangian multiplier. Lagrange 
multipliers requires the introduction of an additional term in the constitutive equation, 
W = W(E) —p(detF —1) 	 (1.20) 
where p is the Lagrange multiplier, W is the new SEDF, and W is the original SEDF. The 
numerical value of p is determined by boundary conditions and equations of equilibrium [79]. 
A detailed introduction of the basic theoretical analysis, experiment design and experimental 
data fitness is given by Humphrey [83]. 
Blood vessels exhibit complex mechanical behaviour. The predictive value of the constitutive 
models can only be assessed by the implementation in relevant applications through well 
designed simulations and experiments. 
FEM Simulation of the stress field within the wall 
FEM studies were carried out to investigate the stress concentrations within diseased arterial 
walls to find the relations between plaque rupture and stress distributions. Cheng et a]. 
[29] computed the circumferential stress distribution on the cross section of plaques with 
different configurations, and demonstrated that the rupture sites correspond very well with high 
circumferential stress regions. Hayashi's study showed that high circumferential stress was 
focused near the plaque edges [84]. This result is consistent with the clinical observations 
that the fibrous cap crack often occurred near the plaque shoulder for a vulnerable plaque 
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[85, 86]. Loree et al. [30] studied the relationship between the plaque composition and the 
circumferential stress and find that large circumferential stresses appeared to result from a large 
lipid pool. 
FEM analysis has also been used to detect plaques prone to rupture and predict plaque rupture 
location after coronary balloon angioplasty based on in-vivo intravascular ultrasound (IVUS) 
images of atherosclerotic arteries [87]. The circumferential tensile peak stress areas were 
coincident with plaque rupture locations on the post angioplasty PIUS images. 
Another aspect studied by FEM frequently is the residual strain and residual stress effect 
in artery walls. It has been known for at least 40 years that when an artery ring is cut 
longitudinally, it uncoils like a spring [88].  Chuong and Fung therefore conjectured that there 
were circumferential strains and stresses remained in the vessel even when it was free of all 
the external loads [76]. The residual stresses developed within the artery wall is supposed to 
reduce the stress gradients across the wall thickness [89]. FEM simulations were carried out by 
researchers to study the changes in the stress field with the residual strains taken into account. 
Delfino's study [90] showed that in the model of the carotid artery bifurcation with residual 
strain, the distribution of maximum principal stress along the inner wall and the circumferential 
stress throughout the wall is much more uniform than in the model without residual strain. 
1.4.3.5 Flow-Wall Coupled Simulation 
Flow-wall coupled simulation is important because blood flow is under constant interaction 
with surrounding vessel walls, and both hemodynamics and solid mechanics of the arterial wall 
play considerable roles in the initiation, development and final rupture of plaques. It has been 
proposed that the rigid wall assumption is valid when the wavelength of the pressure wave is 
large compared with the length of a typical artery and that the wave velocity is large compared 
to fluid velocities [91]. However, it is estimated that the amplitude of wall motion along the 
radial direction is about 10% of the diameter of the blood vessel in large arteries, and may have 
a significant effect on the local flow field and WSS field [51]. 
Early theoretical studies by Womersley [39,92] have considered the effect of wall motion on the 
flow field and presented the linearized solution of the oscillatory velocity profile as a function 
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of Womersley number. Womersley number c is defined as, 
(1.21) 
where R is the tube radius, w is the angular frequency, and ii is the kinematic viscosity. The 
Womersley number is interpreted as the ratio of unsteady effects to viscous effects. When 
Womersley number is small, viscous effects dominate, and the velocity profiles are parabolic. 
When Womersley number is large (for example, >10), the unsteady effects dominate, and the 
velocity profiles are flat in the core, the flow is a piston-like motion. 
From the late 1990's, with the rapid development of computer technology, researchers have 
tried to solve the flow-wall coupled problem by combining the numerical simulation of the three 
dimensional (313) Navier-Stokes equations with moving walls and the finite element modelling 
of the vessel wall mechanics. 
Fully coupled model and iterative model are currently available for numerical analysis. The 
fully coupled model solves the flow and wall equations simultaneously. There are several 
different ways to do this, such as the level set method [93],  the immersed boundary method [94], 
and the Coupled Momentum Method [95].  The iterative model decouples the blood flow and 
wall motion. It solves the flow equations first without considering the compliance of the wall, 
and then applies the pressure load on the elastic wall to get the deformation of the vessel wall, 
and after that the boundary shape of the flow problem is updated. The iterative method has 
been employed by several authors [51,96]. There are pros and cons for both methods. The 
fully coupled method is likely to be more stable and efficient for fluid-structure interaction 
problems, however, it is difficult to include all the functionalities for both fluid and solid sides 
into one program. The iterative method might be slower to get converged results, however, it is 
able to make use of the current problem solving techniques in both the solid and fluid aspects. 
This thesis is going to use the iterative method. 
Flow-Wall Coupled Simulation with ALE Formulation 
The general idea of the flow-wall coupled simulation is introduced as follows. 
Flow Model 
The mathematical description of fluid flow through compliant tubes can be described by the 
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three dimensional, time dependent, incompressible Navier-Stokes equations. The influence 
of the distensible wall is taken into account by the Arbitrary Lagrangian Eulerian (ALE) 
formulation. ALE formulation is based on the introduction of the mapping from the reference 
domain to the deformed domain. The detailed derivation of the ALE formulation is introduced 
in [97]. The governing equations are shown as follows, in Cartesian coordinates with tensor 
notation [98]: 




a 	a = 0, 	 (1.23) at axj 
where u,, i = 1,2,3, are the components of the velocity vector; iI,j = 1,2,3, are the 
components of wall velocity, p is the fluid pressure, p and i are the fluid density and dynamic 
viscosity. 
The boundary condition at the fluid-solid interface will be the Dirichlet boundary condition 
fi = 	 (1.24) at 
Wall Model 
The basic equation for the motion of the elastic solid wall is 
(1.25) Pw 
where di is the components of the displacements, cJ 3 is the Cauchy stress tensor, and fi is 
the body force per unit volume. The stress tensor oij is given by the derivative of an internal 
Strain Energy Density Function(SEDF), while the choice of SEDF will not change the settings 
of the fluid-structure interaction problem. The force acting on the fluid-solid interface will be 
expressed as a function of the Cauchy stress tensor in the fluid. 
Fluid- Wall Interaction 
To make the flow and wall motion fully coupled, eqn. (1.22), (1.23), (1.24) and (1.25) need to 
be solved together. This is a time dependent problem. 
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Firstly, let's suppose at time step n ± 1, the displacement dn+l  is known. The boundary 
velocities üj can be computed from d by (1.24). Then (1.22) and (1.23) will be solved and 
we will get the velocity field and pressure field. The pressure field acting on the fluid-solid 
interface will constitute the external force of (1.25). If we denote the external force at time step 
n + 1 by r+l,  we can write f4 = Fi (dh1) . 
Now let's suppose at time step n + 1, the external force f 4 is known, the eqn. (1.25) can be 
solved and we will get 	F2(r 4 ). 
With the above notations, we can sort out the fluid-solid interaction problem by solving the 
following equation 
d' = F1(F2(d 1 )) 	 (1.26) 
This equation can be solved in an iterative manner [98]. 
The flow-wall coupled simulation has been carried out for the carotid bifurcation [96] and 
the abdominal aorta [95]. It enables more realistic blood flow and vessel wall mechanics 
to be modelled, and detailed WSS field and stresses within the wall to be obtained under 
physiologically realistic pressure load. 
1.4.4 Image Guided Modelling 
A physically realistic computational model should account for the complicated 3D arterial 
geometry, and as Meairs noted, "numerical simulation has to move beyond its experimental 
model phase and begun incorporating actual clinical data as parameter input for simulation" 
[99]. With the recent development in medical imaging and processing techniques such as 
CT, Ultrasound and MRI, it is possible to reconstruct a 3D image from a real patient, then 
simulations can be carried Out in this realistic geometry with realistic boundary conditions 
from non-invasive measurements [100]. Milner's study showed that geometry could have 
a pronounced effect on the blood flow and WSS pattern, and patient-specific simulation is 
clinically important [101]. 
Image guided modelling opened a new era for cardiovascular fluid mechanics. It is supposed 
to be able to predict the blood flow field and wall stresses field resulting from possible surgical 
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intervention for an individual patient, so that cardiovascular surgical procedure can be modelled 
and improved by computational simulation before it is actually conducted for real patients 
[1021. 
Several considerations need to be taken before image guided modelling can be carried out. 
Firstly, how to reconstruct the mesh suitable for the CFD simulations from the geometry 
acquired by medical imaging technique? Secondly, is this process repeatable? And if yes, 
how accurately does the simulation result represent the real picture of blood flow? 
Reconstruction of 3D vessel geometry 
The typical steps involved in the reconstruction of a 3D CFD geometry include image 
acquisition, segmentation, smoothing and mesh generation. From medical imaging 
experiment, a series of 2D cross-sectional images is available, then segmentation techniques 
are used to outline the boundaries of the lumen in each image, and a skeleton of the vessel is 
available. After that, the series of 2D profiles are connected and converted into a 3D surface, 
this can be quite straightforward to just connect corresponding points around each profile, 
smoothing [103] is then performed to modify some details of the shape and size of the lumen 
and get a smoothed surface. For bifurcating or branching vessels, one may use the above 
described method to reconstruct each branch separately, and then merge them using solid 
modelling operations [104]. 
The final step before CFD simulation is the discretization of the complex 3D geometry 
into small elements, whose size, shape and distribution would have great impact on the 
accuracy of the simulation result. Smaller mesh is required for complex flow fields such as 
flow recirculation region, large velocity gradient region etc., but the required computational 
resources would increase with the increase of the number of elements used. So there is a 
trade-off between the simulation accuracy and the required computational effort. 
Accuracy and Reproducibility 
The accuracy of the reconstructed geometries and the accuracy of CFD simulation result are 
interrelated. Moore et al. [105] compared lumen geometries reconstructed from in-vivo contrast 
enhanced MRA imaging of six rabbit aorta-iliac bifurcations against those reconstructed from 
CT imaging of the same vessels via vascular casts and ex situ pressure fixation. The MR images 
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and postmortem preparations were used to build the vessel geometry images, which were then 
used as input for CFD analyses. The mean and peak Reynolds number for flow in these vessels 
are about 300 and 1200 respectively. Substantial differences were seen between MIRI-based 
models and postmortem preparations. It was found that the in-vivo MRI-based models tend 
to under-predict aortic dimensions immediately proximal to the bifurcation. This geometrical 
difference led to a marked difference (15%-35%) in the WSS and flow separation pattern around 
the bifurcation. Apart from the geometry, the resolution of the mesh also affects the CFD result. 
Given the many trade offs and uncertainties, the current image-based CFD models are able to 
predict general WSS patterns, rather than absolute WSS values. 
Reproducibility is another question related to the image-based CFD. Does repeated imaging of 
the same subject lead to the same results? Investigations have been carried out to repeatedly 
scan the same patients at weekly intervals. In this case any difference in the reconstructed 
hemodynamics could be attributed to the reconstruction variability. Results showed that the 3D 
lumen geometry can be reproduced to within 5%, while the time-averaged WSS value can be 
reproduced within 28% relative precision. Moreover, mean and oscillating WSS patterns are 
consistent among the repeated reconstructions [106]. They conclude that the reproducibility is 
mainly determined by the precision of the lumen boundary extraction from MR images, which 
is a function of the image quality. 
1.4.5 Summary 
There are several methods to predict the biomechanical forces in the arterial wall. However, 
no single technique could provide all information to understand relations between disease 
progression and biomechanical forces. Modelling provides a platform with sufficient flexibility 
to investigate the impact of alterations in tissue composition and structure on biomechanical 
forces, and provides the gateway to image guided modelling which can be used on individual 
patients, and for surgical planning. 
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1.5 Modelling of Arterial Stenosis 
Stenoses can significantly change the blood flow behaviour and the mechanical forces on the 
arterial wall. It is important to understand how the stenosis will change flow features and 
biomechanical forces, and how the disturbed flow features will promote the further development 
of stenoses. 
1.5.1 Expectations from the Basic Theories 
Pressure From Bernoulli's equation, if the flow velocity increases, there will be a decrease 
in the static pressure. For the flow through a stenosis, pressure is expected to be lower in the 
stenosed area since the area reduction lead to a faster velocity there. Because of the inertia 
of the fluid, there should be an slight increase in pressure just before the stenosis, and the 
maximum velocity and minimum pressure should occur slightly after the throat of the stenosis. 
Flow recirculation may be induced after the stenosis. 
Shear Stress The acceleration of the fluid within the stenosis leads to an increase in the WSS. 
However, downstream of the stenosis, the formation of the recirculation zone may decrease the 
WSS. 
Hoop Stress The hoop stress will be at its largest just before the stenosis where the pressure 
is locally increased. After the stenosis, the pressure is locally reduced and thus the hoop stress 
is smaller. Within the stenosis the hoop stress is reduced for three reasons: the pressure is lower 
(Bernoulli's law); the diameter of the artery is smaller so that the area over which the pressure 
acts is smaller (Laplace's law); and finally the wall is thicker. So from a pure mechanical point 
of view, the upstream shoulder should be the most vulnerable place. 
Wall Motion The wall motion is almost entirely determined by the hoop stress within the 
arterial wall, which is caused by the transmural pressure. As argued above the hoop stress 
within a stenosis is lower than in the surrounding artery, so the wall in the stenosed part is 
supposed to move less than in the healthy artery. 
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1.5.2 Numerical Simulation of Arterial Stenosis 
The numerical simulation of blood flow in stenosed arteries faces some difficulties. Flow in 
healthy arteries is generally laminar. However, flow in stenosed arteries can be transitional 
or turbulent. The unsteady blood flow and flow-wall interaction also add to the complexities 
of the blood flow simulation. Because of these difficulties, most previous studies have made 
appropriate assumptions according to their own focus. Some supposed the wall to be rigid [107-
109], some assumed flow to be laminar [108,110-113], and some focused on steady flow with 
constant inlet/outlet pressures [111-113]. Long et al [108] simulated pulsatile flow through 
rigid axisymmetric and asymmetric stenotic tubes with 25%, 50% and 75% area reduction. 
They adopted a typical carotid artery flow waveform at the inlet and constant pressure at the 
outlet as boundary conditions and investigated the post-stenotic flow phenomena. Their results 
showed that in axisymmetric stenoses the post-stenotic flow is more sensitive to changes in the 
degree of stenosis than in asymmetric models. In that study, turbulence and wall elasticity were 
not considered. 
Some researchers studied the fluid structure interaction effects in mild stenosis, in such case, 
the flow field can be safely regarded as laminar. Lee and Xu [114] studied the flow and 
wall behaviour in a 45% stenosed (by area) tube with CFX and ABAQUS. They adopted a 
sinusoidal inflow waveform and constant outlet pressure as boundary conditions and used a 
thick, linear-elastic model for the artery wall. Their results showed that the flow pattern and 
WSS distribution in rigid and compliant wall simulations are qualitatively similar but have 
considerable difference in magnitude. Moayeri and Zendehbudi [115] also investigated the 
effects of wall elasticity on the flow characteristics through a mild stenosis (61% reduction by 
area). They adopted the measured flow and pressure waveform for a dog's femoral artery as 
boundary conditions and solved the N-S equations for the flow field and isotropic linear elastic 
thick-wall constitutive equations for the wall. They found that the deformability of the wall 
caused an increase in the time average of the pressure drop and a decrease in the maximum 
wall shear stress. 
Some other researchers studied the hemodynamics in severe stenoses supposing the flow field 
to be laminar. Tang et. al. used nonlinear 3D thin-wall [I 11] and thick-wall [112, 113] models 
to simulate the fluid-wall interactions. They adopted constant pressures at both inlet and outlet. 
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The simulation was carried out with the commercial finite element code ADINA. In this work, 
50% and 78% stenoses by diameter are considered, the experimentally measured nonlinear 
stress-strain relationship is implemented into the computational model using an incremental 
linear elasticity approach. They observed that severe stenosis caused considerable compressive 
stresses on the outside of stenoses. Turbulence is not considered here, also the constant inlet 
and outlet pressure boundary conditions are not realistic. Bath and Kamm [110] investigated 
pulsatile blood flow through compliant arteries with 51%, 89% and 96% area reduction stenoses 
using ADINA. They made the assumption of laminar flow and simulated a 2D axisymmetric 
domain. Their results showed that the pressure drop and maximum wall shear stress increase 
dramatically with the increase of stenotic reduction area. 
Turbulent flow in stenosed tubes has been studied numerically to find out which turbulence 
model is more suitable in predicting flow distal to the stenosis. Varghese and Frankel [107] 
simulated pulsatile turbulent flow in a rigid wall stenotic tube. They adopted the stenosed 
models from Ahmed [116, 1171 and Ojha's [118] experiments; compared the results from 
numerical simulation using four different turbulent models and the results from experiments; 
and found that the low Reynolds number k - w turbulence model gave better agreement with 
experimental results. Ryval et a]. [119] carried out a similar study with the modification of 
using a fully developed Womersley velocity profile at the inlet, and improved the agreement 
between simulation and experimental results [116, 117]. They found that the low Reynolds 
number k - w model gives better prediction of the velocity profile at and downstream of the 
stenosis. 
Despite all these previous studies, a simulation model which incorporates fluid-structure 
interaction, turbulence model and realistic boundary conditions has not been presented yet. 
Quantitative data on wall shear stress (WSS) and wall motion (WM) with the progression of 
stenosis remains limited. More studies in this field are necessary. 
33 
Introduction 
1.6 Outline of the Thesis 
1.6.1 Aim and Objectives 
Aim: 
To investigate the changes in the biomechanical forces with the increase of degree of stenosis. 
Objectives: 
Develop modelling framework for estimation of biomechanical forces in compliant stenosed 
vessels and physiologically realistic boundary conditions; 
Perform simulations to study the effect of localized stiffness on local wall motion and flow 
field, and wall shear stress field; 
Perform simulations to study the effect of degree of stenosis on local wall motion and flow 
field, and wall shear stress field; 
Investigate the effects of stenosis severity and physiological conditions on the stress field within 
the wall. 
1.6.2 Thesis Structure 
This work is focused on the blood flow and wall mechanics simulation for stenosed arteries. 
Chapter 2 explains the details about external coupling of two commercial software packages 
(FLUENT & ABAQUS) through a MATLAB interface programme. The self-developed 
fluid-structure interaction code for 3D simulations of blood flow is attached in Appendix A. 
The coupled code is then validated by pressure wave propagation through a straight tube. After 
that, it is applied to an idealised mild stenosis and the effect of stenosis and wall elasticity is 
examined. 
Chapter 3 is focused on the choosing of appropriate boundary conditions. The validity of 
using a 1D transmission line model to provide the boundary condition for 3D simulations is 
examined. The effects of two different outlet pressure boundary conditions were compared. 
Some guidelines in choosing appropriate boundary conditions were proposed. 
In Chapter 4 and 5, simulation results for idealised stenosed arteries are presented. The effect of 
localized stiffness and the effect of different degrees of stenosis on the flow field, wall motion 
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and wall shear stress are investigated. 
Chapter 6 is concentrated on wall mechanics. The stress field within the wall is analyzed with 
a linear elastic model and an isotropic hyperelastic constitutive model. The effects of localized 
stiffness and physiological axial stretch on the stress field are investigated. 
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Flow-Wall Coupled Simulation 
2.1 Introduction 
The aim of this chapter is to develop a flow-wall coupled model so that blood flow and vessel 
wall mechanics can be simulated in a physiologically realistic environment. 
For the cardiovascular system, both the flow and the wall deformation phenomena are quite 
complex. On the structure side, the tissues are primarily nonlinear and anisotropic, and 
appropriate functions for the stress-strain relationship are featured only in advanced structural 
solvers. On the fluid side, turbulence is likely to appear in some cardiovascular systems, 
including distal to arterial stenoses. Although fully coupled models are likely to be more stable 
for general situations, it is quite difficult to include all the advanced fluid and solid models and 
techniques into a single suite of programs. The external coupling of software packages is likely 
to make use of the leading commercial codes with the most complete functionality for both the 
solid and fluid aspects. 
Several investigators have coupled specific codes for particular applications. For example, 
the Bloodsim group at Sheffield University had been working with CFX (blood flow) and 
ANSYS (wall motion) to simulate the heart valve and stented vessel [120,121]; Xu and Zhao at 
Imperial college have been working on CFX and ABAQUS to simulate arterial bifurcations 
[96, 122, 123].  Perktold's group in Graz Technical University used external coupling of 
ABAQUS for solid modelling and their own code for flow modelling to simulate the carotid 
arterial bifurcation [5 1) and end-to-side anastomoses [124]. 
This chapter is going to develop an interface programme in MATLAB for the external coupling 
of FLUENT and ABAQUS. The interface programme is developed in MATLAB, because 
MATLAB is a popular simulation software package and is very easy to access. The code is 
applied to idealised stenosed tubes in the first place, however the application of this code could 
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be extended to patient specific geometries, and it could also be used to study, for example, the 
effect of surgical operations on flow and wall motion. 
In this chapter, the external coupling method is described. The coupled code is validated by 
pressure wave propagation through an elastic tube against the Moens-Kortweg equation. The 
flow-wall coupled simulation is then carried out for a 30% stenosed tube. 
2.2 Method 
2.2.1 Flow Simulation 
The governing equations and solving techniques for rigid geometries and compliant geometries 
are briefly introduced. 
2.2.1.1 Blood Flow in Rigid Geometries 
In large arteries, blood is considered to be Newtonian. The governing equations are the laminar, 
incompressible, unsteady and isothermal Navier-Stokes equations: 
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where u, i = 1, 2, 3, are the components of the velocity vector; p is the fluid pressure, p and a 
are fluid density and dynamic viscosity. 
FLUENT uses finite volume method [125] to discretize the above equations into algebraic 
equations that can be solved numerically. In the finite volume method, the solution domain 
is discretized into a finite number of control volumes (CVs). At the centre of each CV is 
a computational node at which the variable values are to be calculated. The conservation 
equations (eqn. 2.1&2.2) are applied to and integrated over each CV. After the integration, 
the variable values at the surface of each CV are required for the convection term and must 
be interpolated from the node values. This can be accomplished by various momentum 
discretization schemes, such as first-order upwind, second-order upwind, power law, QUICK 
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etc. [126, 127]. 
For any flow property j, the discretized equation takes the following form [125]: 
apo = 	a,çbb + b 	 (2.3) 
nb 
where the subscript nb refers to neighbour cells, and ap and anb are the linearized coefficients 
for 0 and Onb.  b is a source term that may include the pressure gradient, boundary conditions 
and any other effects other than convection and diffusion. 
The momentum and continuity equations are solved sequentially. In this sequential procedure, 
the continuity equation is used as an equation for pressure. However, pressure does not appear 
explicitly in the continuity equation for incompressible flows, since density is not directly 
related to pressure. The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) 
algorithm [126] is used to introduce pressure into the continuity equation and achieve 
pressure-velocity coupling. 
Blood flow simulations in a rigid straight tube and a rigid stenosed tube were carried out. 
The simulated velocity profiles were compared with theoretical solution and experimental 
measurement respectively. The grid density for this simulation is used as a reference for future 
simulations. 
Rigid straight tube simulation 
The theoretical analysis of pulsatile flow through a rigid tube by Womersley is described below. 
Consider the flow through a pipe under the influence of a periodic pressure gradient. It is 
assumed that the pipe is very long and circular in cross-section. Under cylindrical coordinate, 
the Navier-Stokes equation for fully developed flow in a cylinder assumes the following form: 
3u 	lap V ( 192 U 15u'\ (2.4) 
The boundary conditions is u = 0 for r = R at the wall. If we assume the pressure gradient as 
follows: 
1 t9p - 
P 09X - 
K cos(wt) 	 (2.5) 
- 
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with K denotes a constant. It is convenient to use complex notation and written as: 
- 
lap = Ke 	 (2.6) 
p 8x 
where only the real part has a physical meaning. 
Assuming the velocity function has the form u(r, t) = f(r) e t, and referring to eqn. (2.4), we 
get the following ordinary differential equation for the function f(r): 
"(r) + f , (r) iw 
	K 
f - 	- —1(r) = -- 	 (2.7) 
11 	 V 




 - - -0 
(Rw) 1 	
(2.8) 
J0 denotes the Besse] function of the first kind and of zero order. So, for a given pressure 
gradient, the analytical solution of the Womersley velocity profile is 
	
u(r, t) = -- 1 -( 3/2) I e 	 (2.9) iK 	Jo ( { 	ai3/2y) W 
where a = 	y = r/R. Owing to the linearity of eqn. (2.4), the solutions obtained in 
eqn. (2.9) can be superimposed for different pressure frequencies. 





uydy 	 (2.10) 
which gives:  
Q =7rR 
(_ iK ) 2J1 (ai3/2e 
	 (2.11) 
 - ai312 J0 (ai3/2 ) 
By combining eqn. (2.9) and eqn. (2.11), it is possible to eliminate the pressure gradient and 
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write an expression for the relationship between u and Q. 
1 - 




- 	 2Ji(ci3/2) 
	
{ 
1 	 (2.12) 
- i3/2Jo(ai3/2) J 
The solutions obtained in eqn. (2.12) can also be superimposed for different fiowrate 
frequencies. 
Simulation is carried out for an axisymmetric circular straight tube (D = 4mm, L = 0.4m) with 
the following boundary conditions, Q = 4.3 + 2.6sin(18.2t) ml/s, = 400 Pa. The 
mesh independence study were carried out for 5 different grid densities (6 x 50, 12 x 100, 25 
x 200, 50 x 400, 100 x 800). For each case, the root mean square error between the simulation 
results and the analytical solution from eqn. (2.12) is calculated. The error decreases with the 
increase of mesh density as Fig. 2.1 shows. 
X i0 








oil Iogar1ihm of he number
9 	
f mesh 
Figure 2.1: Root Mean Square Error vs. Mesh density 
The 50 x 400 mesh was used for this analysis. Fig. 2.2 is the fully developed velocity profile 
in the middle cross section of the rigid straight tube compared with the Womersley's analytical 
solution. 
Rigid stenosed tube simulation 
Simulation is then carried out for a rigid stenosed geometry as described in Ahmed's 
experiments [117] with diameter D = 4 mm, pre-stenosis length L1 = 16 mm, stenosis 
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1 t--0.60375 
Radius (mm) 
Figure 2.2: Velocity profile in the rigid straight tube at several time instants 
length L2 = 8 mm, and the post-stenosis length L3 = 64 mm. The boundary conditions 
for the simulation are Pi,, = 900 + 900 cos(18.2t) Pa, P0 = 400 Pa. The fluid density 
is Pf = 1040 kgm 3 , viscosity /1f = 0.00134 kgm's'. Under these conditions the 
Womersley number is a = 7.5, which is the same as that in Ahmed's experiment. Since 
the maximum Re number is below 2000 and the 30% stenosis by diameter is quite mild, the 
laminar model was used for flow simulation. The grid density in this simulation is 50 x 88. 
The simulated velocity profiles are compared with the experimental measured data. Fig. 2.3 
shows the comparison at Womersley number a = 7.5, and the agreement is satisfactory. 
2.2.1.2 Blood Flow in Compliant Geometries 
In FLUENT, the governing equations for the compliant wall simulation use the ALE 
formulations eqn. (1.22) and eqn. (1.23). The dynamic mesh model in FLUENT is used to 
simulate the fluid flow with moving boundaries. The motion of the wall can be determined 
by the wall displacement at the current time step and described in the user-defined functions 
(UDFs). The flow domain is updated according to the wall displacement after each iteration. In 
order to maintain a valid fluid mesh, the inner mesh of the fluid domain needs to be adjusted. 
The spring-based smoothing method [128, 129] is chosen to perform this function. 
Dynamic Mesh Smoothing Method 
In this method, the initial spacing of the edges constitutes the equilibrium state of the mesh 
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Figure 2.3: Velocity profile in the rigid stenosed tube at (a) the throat of stenosis, (b) one 
diameter distal to the stenosis, (c)two diameters distal to the stenosis, and (d) six 
diameters distal to the stenosis 
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proportional to the displacement along every spring connected to the node. Using Hooke's law, 
the force on a mesh node can be written as 
ni 
= 	 - L) 	 (2.13) 
where the force on a node i is the summation of the forces along all the springs connected to 
its neighbouring nodes j, ni is the number of neighbouring nodes connected to the node i, /x 
and A:Fj are the displacements of node i and j, and kij is the spring constant between node i 




where Y j and Yj are the original coordinates of node i and j respectively. When a new 
equilibrium is reached, the net force on a node due to all the springs connected to it must 
equal zero. This results in an iterative equation as follows 
En 
- >' (2.15) 
- 
Since the displacements at the boundaries are known, the iterative equation (2.15) can be 
solved by the Jacobi iteration method sweeping on all interior nodes. At convergence, the 
node positions are updated such that 
+1 = 	
+ 	
rn,converged 	 (2.16) i 	
where ii + 1 and ri denote the two successive time steps. 
2.2.2 Wall Simulation 
The balance of linear momentum for a solid body can be described as [130]: 
i=1,2,3 	 (2.17) Pw -5t-2 	Oxj 
where d2  and aij are the components of the displacements and stress tensor, Pw  is the material 
density of the wall and Fj are the components of the body force per unit volume. If we neglect 
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the inertia effect, the displacement is an instant response to the applied force and the above 
equation becomes 
ax3 
	 i= 1, 2,3 
	
(2.18) 
The tube wall is assumed to be homogeneous, isotropic and nearly incompressible. A linear 
elastic stress-strain relationship [1311 is adopted in this study. 
(2.19) 
where D is the matrix of elastic constants, 
01 11 /  A+2G 	A 	A 	0 	0 	0 ell 
I 0'22 I I A 	A + 2G 	A 	0 	0 	0 1 	22 
U33 A 	A 	A+2G 	0 	0 	0 - I €33 	I 
0 = ,D= I , 
U12 J 0 	0 	0 	2G 	0 	0 612 	I 0'23 0 	0 	0 	0 	2G 	0 1623 0'3 0 	0 	0 	0 	0 	2G \€13) 
A— 	
yE 	 E 
G— 
	
- (i+u)(1 —2ii)' 	- 2(1+v) 
where A and C are Lamé constants, v is the Poisson ratio which is set to 0.499 in this study, 
since the artery wall is nearly incompressible [17], and E is the Young's modulus. 
The strain-displacement relationship can be described as 
1 /5d 	5d3 	
(2.20) 
The above governing equations (2.18), (2.19), (2.20) are solved together to get the deformation 
and stress field within the vessel wall. 
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2.2.3 External Coupling of Fluent and Abaqus 
An iterative method [132] is used to couple the blood flow and wall motion using the two 
commercial software packages FLUENT and ABAQUS. 
During the coupled simulation process, the flow field is solved in FLUENT and the pressure 
field from the simulation is passed to ABAQUS to get the deformation. This deformation is 
then used to update the boundary shape of the flow problem. The dynamic mesh capability in 
FLUENT is used to update the geometry of the flow domain. Information about the pressure 
load and wall displacement is exchanged through a MATLAB interface program, and iterations 
are carried out for every time Step until a converged result is achieved. Convergence at each 
time step is assumed when the maximum relative difference of pressure and deformation from 
two successive iterations are smaller than the predefined convergence criterion as follows: 
(Id' —d 1 I\ D max 	 D 
Id 1 I ) 
~  
where din  is the displacement of node i at 
flth  iteration. The convergence for the pressure field 
takes a similar form. 
Under Relaxation Scheme 
Since even a very small deformation will cause a sudden pressure change, which will induce 
a bigger deformation, under-relaxation is employed in this simulation to achieve convergence. 
The under relaxation scheme for pressure is as follows: 
Pi,aaqus = 
Pn,abaqus = rPn,ituent + (1 - r)Pn_i,a&aq 	ri> 1 	(2.22) 
When convergence is achieved, Pn ,aqus = Pn,f1uent Pn,jiuent = Pn_l,fl ? t. The under 
relaxation scheme for deformation takes the same form. r is the under-relaxation parameter, 
which is 0.1 in the current study. 
The codes for the flow-wall coupled simulation are listed in Appendix A. 
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2.2.4 Coupled Code Validation 
The coupled code was first validated against analytical solution by comparing the simulated 
pressure wave speed in an elastic tube with the analytical wave speed. The analytical solution 
of the pressure wave speed through an elastic tube is described by the Moens-Korteweg equation 
- the wavespeed c in a thin walled elastic tube of radius R, thickness h, Young's Modulus E, 
and Poisson ratio ii, carrying an inviscid fluid with density p is [88]: 
= (2.23) ~YR_p(jEh C 	- 2) 
For the simulation, a straight pipe with radius R = 2 mm and length L = 160 mm carrying 
inviscid fluid with density pf = 1040 kgm 3 was studied. The wall thickness was chosen to be 
h = 0.1 mm, Poisson's ratio is ii = 0.499, three different Young's Modulus values 0.02 MPa, 
0.05 MPa and 0.1 MIPa were used separately. The boundary conditions are 
{ 25Pa; 	t<0.Ols 
Pi
" 
= 	 (2.24) 
OPa; 	t>0.Ols 
while the outlet pressure 	will be zero at all time. 
Fig. 2.4 shows the radial displacement along the axial direction at each time step from the 
simulation with E = 0.05 MPa. The wave speed is calculated from the distance between 
successive zero crossing points and the time step. The zero crossing point is found using 
linear interpolation for each time step. The wave speed is then obtained with the distance 
between successive zero crossing points divided by the time step, and the comparison between 
the calculated wave speed and the analytical solution is shown in Fig. 2.5. The analytical curve 
of the wave speed with Young's Modulus is obtained from Moens-Korteweg equation. The 
simulated wave speed for each case varies within ±10% of the analytical value. The variation 
is because both ends of the tube are constrained with no longitudinal movement, which inhibits 
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Figure 2.4: Radial wall displacement along axial direction at each time step 
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Figure 2.5: Wave speed comparison between simulation results and analytical solution 
2.2.5 Stenosis Model 
2.2.5.1 Geometrical and Material Parameters 
220 I 2D - lD 
Figure 2.6: Stenosis geometry 
Simulations were carried out for two geometries (Fig. 2.6). The first is a straight, compliant 
artery, with a LID ratio of 40, radius R = 0.002 m and length L = 0.16 m. The second is a 
similar artery with a 30% stenosis. We use the same geometry as Ahmed and Gidden [116,117]. 
The stenosis is described by a cosine function, 
= R(z) { R - S0R0{1 - cos[27r(z - z1)/(z2 - zi)]1/2, 	—D <z < D 	(2.25)  
R0, 	 z<—D,z>D 
with R0 the radius of non-stenosed part of the tube, So the percentage of stenosis, which is 30% 
for this study. z1 and z2(zi < z < z2) the start and end positions of the stenosis, and z = 0 
is the narrowest point (the throat) in the stenosis. The geometric parameters of this work are 
as follows: R0 = 0.002 m, z1 = —0.004 m, z2 = 0.004 m, the length of the tube L = 0.16 
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m, proximal to the stenosis length L1 = 0.088 m, stenosis length L2 = 0.008 m, distal to the 
stenosis length L3 = 0.064 m. 
The fluid density is P = 1040 kgm 3 , viscosity 	0.004 kgm 1 s'. The fluid properties 
are similar to the properties of blood [133, 134]. The wall thickness is h = 0.1 mm, Young's 
Modulus E = 0.5 MPa and Poisson ratio 1 = 0.499. The wall properties are similar to the 
femoral artery and internal carotid artery which are prone to stenoses [135]. 
2.2.5.2 Boundary Conditions 
The boundary conditions are 
= 900 + 900cos(18.2t) Pa, 	 (2.26) 
P01t = 400 Pa 
This pressure boundary condition will give a centerline velocity ranging from 0.3 ms -1 to 1.0 
ms-1 , and the Re number will be in the range of 300-1040, which is quite similar to blood 
flow in the internal carotid artery. The period for one cycle is 0.345 s, which follows previous 
works [114, 118] to model the fast changing systolic pressure. Every cycle is divided into 40 
time steps, and the time step is therefore 0.008625 seconds. 
2.2.6 Mesh Independence Study 
The flow domain used a 2d axisymmetric model. Different mesh densities (25, 50, 100 in 
radial direction) were tested to ensure that the flow solution is grid independent. The mesh for 
wall modelling was also tested for grid independence with 26, 50 and 100 grid elements in the 
circumferential direction. For both flow and wall simulations, the mesh independence in axial 
direction is tested for 160 and 320 elements. 
2.2.7 Simulation Performed 
The flow-wall coupled simulation was carried out for a straight tube and a 30% stenosed tube 
on a Solaris workstation, and takes about 3 hrs (about 80 iterations) to converge for each time 
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step. The coupled simulation was carried out for two cycles (80 time steps), so the whole 
computational time for each case is about 240 hrs. The radial wall displacement, the flow 
pattern and the wall shear stress distribution under rigid wall and compliant wall simulations 
are compared and presented. 
2.3 Results and Discussion 
2.3.1 Mesh Independence Study 
The mesh independence study was carried out as described in Sec. 2.2.6. Results showed that 
when the axial mesh elements number is kept as 160, the centerline axial velocity difference 
between the results from 25 radial elements and 50 radial elements was about 5%, and between 
the 50 elements and 100 elements was about 0.8%. The 50 elements mesh in the radial direction 
was therefore chosen for this simulation. For the wall modelling, results showed that when 
the axial mesh elements number is kept as 160, the radial displacement difference between 
the results from 26 circumferential elements and 50 circumferential elements is about 0.6%, 
and between 50 elements and 100 elements is about 0.1%. So we choose 50 elements in the 
circumferential direction for the wall modelling. For the mesh density in the axial direction, the 
velocity field and wall displacement are identical with 50 x 160 mesh and 50 x 320 mesh for 
both the flow and wall simulations, so the mesh in the axial direction are chosen to be 160 for 
both the flow and wall simulations. 
2.3.2 Effect of Stenosis on Wall Displacement 
The Wall Motion (WM) of the elastic stenosed tube is compared with WrvI of elastic 
non-stenosed (straight) tube to find out the effect of stenosis on WM. Fig. 2.7 is the pressure 
distribution and radial wall displacement along the tube at peak inlet pressure. In the proximal 
to the stenosis region, the pressure in stenosed tube is higher. At the throat of stenosis, there 
is a sudden pressure drop in the stenosed tube. Distal to the stenosis, the pressure in stenosed 
tube is slightly lower than that in the straight tube. With the stenosis, the wall motion at z=0 
(the throat) is about 20 gm, compared with the wall motion at the corresponding axial location 
in the non-stenosed tube, where the wall motion is more than 50 pm, the wall motion is 
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constrained by 60% because of the 30% stenosis. The numerical stiffness [136, 137] caused by 
the sudden pressure change at the entrance and exit of the stenosis might be the reason of the 
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Figure 2.7: (a) Pressure distribution and (b) radial wall displacement along the anal direction 
at peak inlet pressure 
Fig. 2.8 gives the radial wall displacement variation with time at one diameter proximal to the 
stenosis (Z=LID=-1), the throat of the stenosis (Z=0), and one diameter distal to the stenosis 
(Z=1). It shows that in stenosed tube, the wall displacement before stenosis is almost the same 
as in the straight tube, but the throat of stenosis and post stenosis displacement are much smaller 
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Figure 2.8: Radial wall displacement variation with time at a) Proximal to the stenosis Z=-1; 
b) Throat of the stenosis Z=O; c) Distal to the stenosis Z=1 
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2.3.3 Effect of Wall Elasticity 
233.1 Velocity Proffles 
Fig. 2.9 is the velocity profile at maximum and minimum flowrate for three different cross 
sections (Z=—1, Z=0, Z=1). At the peak flowrate, the velocity profile proximal to the stenosis is 
parabolic for both rigid and elastic tubes, however, in the elastic tube the centerline velocity is 
slightly smaller and the velocity gradient is slightly higher near the wall. At minimum flowrate, 
the centerline velocity in the elastic tube is bigger while the velocity gradient near the wall 
becomes lower. At the throat of the stenosis, the velocity is accelerated and it results in flow 
recirculation distal to the stenosis. The wall elasticity slightly affected the magnitude of the 
centerline velocity and the velocity gradient near the wall; the latter may induce a wall shear 
stress change. 
233.2 Wall Shear Stress 
Fig. 2.10 shows the WSS distribution around the stenosis at maximum and minimum flowrate. 
For the straight tube, the elasticity has negligible effect on the WSS. For the stenosed tube, 
at maximum fiowrate, the WSS in the elastic tube is higher than in the rigid tube, while at 
minimum flowrate, the WSS in the elastic tube is lower. The WSS variations with time at three 
points around the stenosis (Z=—1, Z=0, Z=1) are plotted in Fig. 2.11. For all three points, wall 
elasticity increased WSS oscillation. The reason might be because at peak fiowrate, the WSS at 
the throat is the highest within the whole cycle, and since the maximum flowrate occurs when 
the pressure is decreasing, and the wall is moving inward, this makes the highest shear stress 
even higher than in the rigid tube. For the same reason the lowest WSS will be even lower. 
Distal to the stenosis (Fig. 2.11(c)), the WSS is negative and the magnitude is bigger in the 
elastic tube. 
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Figure 2.9: Velocity profile at a) Proximal to the srenosis Z=-1; b) Throat of the stenosis Z= 0; 
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Figure 2.10: WSS distribution along the axial direction at a) peak and b) minimum flowrate 
2.4 Conclusions 
The flow-wall coupled code is developed to simulate FSI problems with FLUENT and 
ABAQUS. The code is then validated against the analytical solutions. After that, it is used to 
investigate the blood flow and vessel wall mechanics in an idealised mild stenosed artery. 
This chapter explored the effect of wall elasticity in a simplified stenosed geometry under 
simplified boundary conditions. Results showed that the stenosis heightened the wall shear 
stress magnitude and constrained the wall motion at the throat. Wall elasticity promoted WSS 
oscillation and flow recirculation in the post stenotic zone of stenosed tubes. 
Even for a 30% stenosis, the wall movement is constrained by 60%. Since wall movement 
is very sensitive to mild stenoses, it is possible that it could be used to detect early stenoses 
clinically. 
Several previous works [51, 114, 115] on compliant wall simulation used flowrate as the inlet 
boundary condition, and their results showed that the WSS is smaller in elastic wall models. In 
this study, a pressure inlet boundary condition is adopted and the result showed that the WSS is 
higher in the elastic tube. The reason for this difference might be that when the same pressure 
inlet is applied in both compliant and rigid models, the lumen expands in the compliant wall 
model, and the flowrate increases, resulting in an increase in the WSS. If the flowrate inlet is 
applied, the lumen expansion in the compliant wall model might result in a velocity drop and 
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Figure 2.11: WSS variation with time a) Proximal to the stenosis, Z=-1; b) Throat of the 
stenosis, Z=O; c) Distal to the stenosis, Z=1 
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responsible for the wall movement pattern and consequently affects the WSS in the compliant 
wall model. The outlet boundary condition could also be one of the reasons of the higher WSS 
in the compliant tube in our model. Since boundary conditions could have profound influence 
on the WSS and WM pattern, it is essential to use physiological realistic boundary conditions 
in future studies. Studies on the effect of different outlet boundary conditions are carried out 
and the results are presented in Chpater 3. 
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The Effect of Outlet Pressure 
Boundary Conditions on the Wall 
Shear Stress and Wall Motion in 
Compliant Tubes 
3.1 Introduction 
For incompressible Newtonian fluid flowing through a rigid straight tube with a prescribed inlet 
flow waveform, the fully developed velocity field and WSS field are completely determined by 
the inlet flowrate, and is not affected by the outlet pressure boundary condition. However, for 
a straight tube with compliant wall, the pressure affects the dilation of the wall, from which it 
follows that the fully developed velocity profile and WSS will be affected by the outlet pressure 
condition. So for the simulation of the velocity and WSS field in the compliant arteries, it is 
important to use realistic downstream pressure conditions. 
A constant outlet pressure boundary condition has been used frequently [108, 111-114, 132, 
138]. If a constant pressure is applied at the outlet, the pressure wave is reflected and cannot 
propagate downstream. Other researchers have chosen to use experimentally measured outlet 
pressure waveforms at internal carotid and common carotid artery by a high-fidelity external 
pressure transducer [51, 139], which means that for each geometry, a corresponding measured 
boundary condition is needed. However, in many arteries, pressure profiles are not easily 
measured. 
Several researchers have worked on the outlet boundary condition problem from different 
approaches. Formaggia et al [140] used a reduced ID model to represent the outlet boundary 
condition and coupled the 3D computational domain with the reduced 1D downstream 
condition. In their work, the 3D fluid-structure interaction is described by an Arbitrary 
Lagrangian Eulerian (ALE) formulation of the Navier-Stokes (N-S) equations coupled with 
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solid wall modelling. The reduced 1D model is obtained by integrating the N-S equations over 
each cross section so that only the flowrate, pressure and cross sectional area are accounted for 
and the detailed internal velocity field is not considered. The ID model acts as an "absorbing" 
device for the waves exiting the 3D computational domain. This paper marked a significant 
progress since it was the first time that the outlet boundary conditions of the 3D compliant 
walled artery flow simulation had been addressed and a successful solution which can describe 
the pressure propagation at the outlet had been proposed. However, this paper did not include 
the coupling between the 3D domain and the complex downstream vascular network. Since the 
downstream territory of major arteries may include thousands of small vessels with branches 
and complex geometries, which the reduced 1D model could not represent, a more realistic 
model which can take into account of the complex downstream arterial tree is necessary. 
Olusfen and her co-workers have done pioneering works on a structured tree outflow condition 
for large arterial blood flow simulations [44, 141, 142]. In their approach, the large arteries 
are modelled as a binary tree where the geometry is determined from medical imaging, while 
the small arteries are modelled as structured trees attached at each outlet representing the 
downstream vascular bed. The root impedance of each structured tree of small arteries is 
calculated using Womersley's elastic vessel theory and served as outlet boundary conditions 
for the larger arteries. Olufsen's model represents a more realistic downstream structure and 
it can be used to predict the flow and pressure not only in large arteries, but also in the small 
arteries. 
Vignon and Taylor [143] developed a multi-domain approach, which is similar to Olufsen's 
approach, with the "upstream" region of interest described by 1D equations of incompressible 
blood flow in a deforming, elastic domain, and a boundary term coupled to the "downstream" 
domain. In the downstream domain, a relationship between pressure and flow is derived, which 
serves as the outlet boundary condition of the "upstream" region. This work successfully 
implemented resistance and impedance boundary conditions and demonstrated the importance 
of selecting appropriate boundary conditions. While this model can be used to compute flowrate 
and mean pressure, it cannot be used to simulate 3D flow phenomena. Aware of this limitation, 
Vignon et al [144] extended the coupled multi-domain approach for 3D simulation of blood 
flow in rigid geometries. 
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Augst et al [145] carried out flow simulations in carotid bifurcation with three outflow 
conditions. It was found that variation of flow patterns was strongly influenced by the outflow 
conditions. Consequently, it is recommended that for future CFD simulations of carotid flow 
using three-dimensional ultrasound data, the outflow boundary conditions should rely on the 
most accurate measurement available. 
In all the previous studies, effort has been made to estimate the impedance downstream of 
the 3D simulation domain. However, if a stenosed artery segment is to be modelled by 3D 
simulation, the stenosis may change the impedance within the 3D simulation region, and 
this would cause changes in both flow and pressure waveforms at the inlet and outlet of the 
3D arterial segment. A model which is able to provide both flow and pressure boundaries 
conditions for the 3D simulation is necessary. The aim of this chapter is to further investigate 
the effect of different outlet boundary conditions quantitatively, and to provide a convenient 
way in providing the flow and pressure boundary conditions for the 3D flow-wall coupled 
simulations in stenosed arteries. Two different outlet boundary conditions are used here, one is 
a mean constant outlet pressure, the other one is a pressure waveform from a 1D transmission 
line model of the arterial tree. 
3.2 Method 
The flow-wall coupled code developed in Chapter 2 is used here. 
3.2.1 Stenosis Model 
3.2.1.1 Geometrical and Material Properties 
The stenosis shape and the geometrical parameters for this work is the same as in Fig. 2.6. 
The fluid density was pf = 1040 kgm 3 , viscosity pj = 0.004 kgm's 1 . The wall thickness 
was h = 0.5 mm, Young's Modulus E = 0.8 MPa and Poisson ratio ii = 0.499. The wall 
properties are similar to the femoral artery [ 40]. 
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Figure 3.1: Inlet flow and outlet pressure boundary conditions for both the straight tube and 
the 30% stenosed tube 
This study incorporates the femoral inlet flow waveform (Fig. 3.1) from a one dimensional 
model [42]. The femoral artery was chosen for this study because it is fairly straight and 
prone to stenoses. The fully developed Womersley velocity profile [146] is calculated from the 
fiowrate and applied at the inlet (The UDF codes for the Womersley inlet velocity are attached 
in Appendix B). At the outlet, a pressure waveform (Fig. 3.1) from the one dimensional model 
and a constant mean pressure (12 kPa) are applied separately to compare the effect of outlet 
boundary conditions. 
In the straight and 30% stenosed tubes, the same boundary conditions are used. This is based on 
the observations that in early stage of stenosis, the flowrate is almost not affected [147]. With 
the same boundary conditions, the simulation results from both geometries are comparable. 
3.2.2 Comparison Between 1D Transmission Line Model and Full 3D Flow-Wall 
Interacted Simulation 
Here the inlet flowrate and outlet pressure waveforms from the ID model are taken as the 
boundary conditions of the 3D simulation field. After the 3D simulation, the inlet pressure and 
outlet flow waveforms from the 1D and 3D models are then compared with each other to check 
whether the two models are consistent or not. 
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3.2.3 Simulations Performed 
Flow-wall coupled simulations are carried out for two different outlet pressure boundary 
conditions: one is constant outlet pressure, the other is a pressure waveform from the ID model. 
The effect of boundary conditions on wall motion, flow field and shear stresses are investigated 
and presented. 
3.3 Results and Discussion 
3.3.1 Comparison Between 1D Transmission Line Model and Full 3D Flow-Wall 
Interacted Simulation 
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Figure 3.2: Comparison of the outlet flowrate and inlet pressure from the ID and 3D models 
for a straight tube, with the inlet flow and outlet pressure the same in the JD and 
3D models 
Fig. 3.2 shows the comparison of the outlet flowrate (Fig. 3.2 (a)) and inlet pressure (Fig. 3.2 
(b)) from the ID transmission line model and the 3D simulation in a straight tube. For the 3D 
simulation, outlet flowrate is the integration of velocity over the outlet cross section, and inlet 
pressure is the area weighted average of pressure over the inlet cross section. 
The results showed that the outlet flow waveforms from ID and 3D models are almost identical, 
which means that the two models gave similar wall motion patterns. For the inlet pressure 
waveforms, the 3D model gives slightly higher (about 2%) diastolic and systolic pressure. 
During the accelerating phase, the inlet pressures from both models are the same. The 
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Figure 3.3: Comparison of the outlet flowrate and inlet pressure from the ID and 3D models 
for a 30% stenosed tube, with the inlet flow and outlet pressure the same in the ID 
and 3D models 
comparisons for the 30% stenosis (Fig. 3.3) showed similar results. These results demonstrate 
that the ID model and 3D model are generally consistent, so we can apply the flowrate and 
pressure waveforms from the I  model as the boundary conditions of the 3D simulation model. 
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Figure 3.4: Pressure and flow waveforms in the compliant straight tube, with a periodic inlet 
flow wave, constant outlet pressure and periodic outlet pressure wave boundary 
conditions 
For each simulation, the inlet velocity profile and outlet pressure waveforms were specified. 
Fig. 34 compares the pressure and flow waveforms at the inlet and outlet with two different 
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outlet pressure boundary conditions for a straight tube. The inlet pressure has similar waveform 
as, and slightly greater magnitude than the prescribed outlet pressure, which is the same as the 
physiological observations [1481. There is a lead of 18 ms between the inlet and outlet pressure 
waveforms, which implies a wave speed of roughly 9 ms. This value is slightly smaller than 
the wave speed predicted by the Moens-Korteweg equation [132], which is 9.8 ms. The 
outlet flowrate wave shows a similar small reduction in amplitude and phase delay. However, 
when the constant pressure outlet boundary condition is applied, only the pressure difference is 
given at the inlet, and there is no significant phase lag between the outlet and the inlet flowrate 
waveforms. 
These results demonstrate that to correctly represent both the pressure and the flowrate waves it 
is not adequate to use a constant outlet boundary condition. Realistic inlet and outlet conditions, 
such as those given by a 1 D model are necessary. 
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Figure 3.5: Comparison of WSS in compliant and rigid straight tubes, with a periodic inlet 
flow wave, constant outlet pressure and periodic outlet pressure wave boundary 
conditions 
The effect of outlet pressure boundary condition on WSS will now be considered. For a rigid 
wall, the downstream pressure boundary condition can not affect the WSS profile, so there are 
effectively only 3 cases: rigid wall, compliant wall with constant outlet pressure and compliant 
wall with outlet pressure waveform derived from the 1 D model. The comparison of these three 
cases is shown in Fig. 3.5. With constant outlet pressure. the WSS is only 1-2% smaller than 
in the rigid tube, while using the outlet pressure waveform, the maximum WSS is about 87% 
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Figure 3.6: Pressure and flow waveforms in a compliant stenosed tube, with a periodic inlet 
flow wave, constant outlet pressure and periodic outlet pressure wave boundary 
conditions 
In Fig. 3.6, the pressure and flow waveforms at the inlet and outlet of a compliant stenosed 
tube are compared under the two different outlet pressure boundary conditions. The outcome is 
similar to the straight tube case in Fig. 3.4. The outlet pressure waveform boundary condition 
gives physiologically reasonable results. As expected the predicted pressure loss is slightly 
(4.3%) greater than that for the straight tube. 
Fig. 3.7 shows the WSS in rigid and compliant tubes under both outlet boundary conditions 
at the throat and one diameter proximal and distal to the stenosis. For the stenosed tube, with 
constant outlet pressure, the WSS magnitude in the compliant tube is about the same as that 
predicted for the rigid tube. However, with the outlet pressure waveform, the peak WSS is 
about 85% of that predicted for the rigid tube case. So compared with the outlet pressure 
waveform boundary condition, the use of the constant pressure outlet condition leads to a 15% 
over estimate of the peak WSS. 
Fig. 3.8(a) shows the comparison of the maximum radial wall displacement along the axial 
direction for the two different pressure boundary conditions. The maximum wall motion under 
constant pressure outlet condition is about 40% of that under the pressure waveform outlet 
condition. This is because the magnitude of the wall motion is determined by the pressure 
magnitude, and the constant pressure outlet condition gives a much smaller inlet peak pressure. 
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Figure 3.7: Comparison of WSS in compliant and rigid stenosed tubes, with a periodic inlet 
flow wave, constant outlet pressure and periodic outlet pressure wave boundary 
conditions at a) one diameter proximal to the stenosis (Z=—I), b) the throat of the 
stenosis (Z= 0), c) one diameter distal to the stenosis (Z= 1) 
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Figure 3.8: a) Maximum WM along axial direction, b) WM variation with time at the throat 
of the stenosis within one cycle, with constant outlet pressure and periodic outlet 
pressure wave boundary conditions 
Fig. 3.8(b) shows the wall motion with time during one cycle at the throat of the stenosis. The 
wall motion pattern follows the inlet pressure waveform pattern, so that with a constant pressure 
outlet, the wall only has a very small oscillation around an equilibrium position. However, with 
a pressure waveform applied at the outlet, the wall motion magnitude is much bigger which 
enables the vessel to store blood during the systolic phase. 
3.3.4 Discussion 
The examples given showed that the outlet pressure boundary condition has a considerable 
effect when the wall elasticity is considered. Both the magnitude and the phase of the pressure 
wave will have effects on the flow field. When the pressure is larger, the wall dilation is bigger, 
which makes the flow resistance smaller. From the phase point of view, when the peak pressure 
lags behind the peak flow, it means the vessel is going to dilate until after the peak flow and will 
store more blood, which makes the peak flowrate at the outlet smaller than the peak flowrate 
at the inlet. After the peak pressure is past, the vessel contracts and makes the diastolic outlet 
flowrate larger than the diastolic inlet flowrate. In contrast, when constant pressure is applied, 
the peak pressure precedes the peak flow, so the vessel starts to contract before the peak flow 
point, and the blood stored within the vessel is ejected out of the vessel, and this makes the outlet 
peak flow larger than the inlet peak flow. This may be the reason why the WSS magnitude in 
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compliant tube is larger than that in the rigid tube in Sec. 2.3.3.2 (Fig. 2.11). 
The wall motion pattern is directly affected by the pressure magnitude and closely follows the 
pressure waveform. So with two different pressure outlet boundary conditions, the wall motion 
patterns are totally different. With constant outlet pressure, the wall is hardly moving during 
the whole cycle, while with outlet pressure waveform, the wall is moving with a magnitude of 
75 Am at the healthy part and 37 Am at the stenosed part. 
The comparison of the outlet flow and inlet pressure between the 1D and the 3D model shows 
that it is reliable to apply the flowrate and pressure waveforms from the one dimensional model 
as the boundary condition of the three dimensional model. 
3.4 Conclusions 
This study investigated the effect of outlet pressure boundary conditions on the wall motion, 
flow field and shear stresses. For a rigid tube, the flow field and WSS are dependent on the 
inlet flowrate, and not affected by the outlet pressure. For a compliant tube, within a realistic 
pressure range (80-130 mmHg or 10,666 - 17,332 Pa), the effect of wall elasticity depends 
on the magnitude of the outlet pressure and the phase difference between flow and pressure. 
The outlet pressure boundary condition can alter the wall motion by up to 60%, it can also 
delay the phase and change the amplitude of the outlet flow profile. These changes give 
rise to altered velocity profiles and WSS. It is therefore essential to apply a realistic outlet 
pressure boundary condition for flow-wall coupled simulations. For other idealized geometries 
such as curved tubes and bifurcations, a 1D transmission line model can be used to provide 
realistic boundary conditions. For patient-specific modelling, it is better to use measured data 
as boundary conditions where possible. However, we have shown that when the measured data 




Effect of Localized Stiffness on 
Pulsatile Flow through Compliant 
Arteries 
4.1 Introduction 
The aim of this chapter is to investigate the effect of the localized stiffness on the blood flow, 
WSS and wall motion. 
During the initial period of atherogenesis, fatty streaks come out first and may exhibit as a 
localized hard lump [149]. As the plaques develop, the diseased part might have higher stiffness 
than the healthy part due to calcification [60]. Understanding the effect of the localized stiffness 
is important. On one hand, it is helpful for the detection of early atherosclerosis. On the other 
hand, the information about how the wall properties affect the blood flow and wall motion could 
be helpful for the optimization of inverse modelling, which is proposed as a way to provide 
detailed information of the arterial wall properties and the stress field within the artery walls, 
and hence to provide a patient-specific risk evaluator. The idea of inverse modelling [150] is to 
take the measurements of blood flow, pressure and wall motion and back calculate the arterial 
wall properties and the stress field within the wall. A risk factor will be deduced by comparing 
the strength of the artery wall and the stress field within the artery wall. The forward flow-wall 
coupled simulation for different wall properties is a necessary step before the inverse modelling 
is carried out. 
The flow-wall coupled simulation has been carried out by several researchers to investigate 
the effect of the wall elasticity on the WSS and velocity field in healthy and stenosed arteries. 
Studies [51,96] in healthy arteries showed that the WSS has lower magnitude in elastic wall 
simulations. Lee [114] considered the artery wall as linear elastic with constant Young's 
modulus throughout and higher thickness in the stenosed region, while Moayen [115] 
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considered the wall as linear elastic with uniform thickness and Young's Modulus in the 
non-stenosed region and continuously changing thickness and Young's Modulus in the 
stenosed region (with their maximum values at the throat). Bathe and Kamm [110] studied the 
effect of different degrees of stenosis on the velocity field, WSS and wall motion. The artery 
and the stenosis were both assumed to be homogeneous, with the stiffness in the stenosed 
region five times of that of the healthy arterial wall. 
In all these previous studies, the effect of localized artery stiffening alone on the velocity, WSS 
and wall motion was not investigated. In this study, the Young's Modulus is chosen to be three 
different values: 0.8 MPa, 1.6 MPa and 3.2 MPa to represent the stenosed part of the wall [151], 
and the effect of local stiffness on blood flow and wall motion patterns is investigated. The 
pressure distribution, radial wall displacement, WSS and velocity profiles under different local 
stiffness are compared and presented. 
4.2 Method 
4.2.1 Stenosis Model 
4.2.1.1 Geometrical and Material Properties 
The stenosis shape and the geometrical parameters for this work is the same as Fig. 2.6. 
The fluid density was P1 = 1040 kgm 3 , viscosity pf = 0.004 kgm 1 s 1 . The wall is 
considered to be linear elastic with a Young's Modulus of 0.8 MPa, which is about the same as 
the healthy femoral arteries [40]. For the stenosed part of the tube (z1 < z < z2), the Young's 
Modulus is chosen to be three different values: 0.8 MPa, 1.6 MPa and 3.2 MPa, to represent 
the diseased wall [151]. The wall thickness was h = 0.5 mm, Poisson's ratio ii = 0.499. The 
wall properties are similar to the femoral artery [ 40]. 
4.2.1.2 Boundary Conditions 
This study incorporates the femoral inlet flow and outlet pressure waveforms (Fig. 3.1) from 
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calculated from the flowrate and applied at the inlet. 
4.2.2 Simulations Performed 
The flow-wall coupled simulation is carried out for a straight tube and a 30% stenosed tube. 
Both of the tubes have a diseased part with localized wall stiffness. The effect of the localized 
stiffness on the pressure distribution, radial wall displacement, WSS and velocity profiles are 
compared and presented. 
4.3 Results and Discussion 
4.3.1 Straight Tube 
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Figure 4.1: (a) Pressure and (b) radial wall displacement along the axial direction at peak 
inlet pressure instant under different localized stiffness for the straight tube 
For the straight tube, simulations were carried out for rigid tube and elastic tubes with three 
different stiffness values in the middle part of the tube. The pressure, wall displacement, WSS 
and velocity are compared to examine the effect of the localized stiffness. Fig. 4.1 shows the 
pressure and radial wall displacement along the axial direction in the straight tube. At peak inlet 
pressure instant, the pressure field in the rigid tube is 7% higher than in the elastic tubes. In 
the elastic tubes with localized stiffness, higher stiffness incurs higher pressure loss across the 
stiffened part. There is a maximum of 15 Pa difference when the local stiffness is doubled, and a 
20 Pa difference when the local stiffness is quadrupled. Compared with the pressure magnitude 
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Figure 4.2: WSS along the axial direction at peak flowrate under different localized stiffness in 
the straight tube 
of more than 17 kPa, the 20 Pa difference is negligible. So the localized stiffness has little effect 
on the pressure field. In contrast, the radial wall displacement is affected significantly by the 
local stiffness. It affected the radial wall displacement by 55% when the stiffness is doubled, 
and 85% when the stiffness is quadrupled. 
Fig. 4.2 shows the WSS along the axial direction at peak flowrate under different localized 
stiffness in the straight tube. In the non-stiffened part of the elastic tubes, the WSS is lower 
than in the rigid tube, while in the stiffened part of the elastic tubes, the WSS is higher than in 
the rigid tube. The peak WSS appears at the entrance of the stiffened part, and it drops quickly 
before the center of the higher stiffness part, and at the exit of the higher stiffness part, the WSS 
has another quick drop. The peak WSS is affected by 16% when the stiffness is doubled, and 
27% when the stiffness is quadrupled. 
The velocity profiles at the cross section from the middle of the stiffened part are compared in 
Fig. 4.3. Results showed that there is a 10% difference in the centerline velocity between the 
rigid and the elastic tube. However, the localized stiffness gives very little difference on the 
velocity profile. 
4.3.2 30% Stenosed Tube 
As in the straight tube case, the pressure, radial wall displacement, WSS and the velocity 
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Figure 4.3: Velocity profile at the cross section from the middle of the stiffened part at peak 
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Figure 4.4: (a) Pressure and (b) radial wall displacement along the axial direction at peak 
inlet pressure instant under different localized stiffness for 30% stenosed tube 
the pressure and radial wall displacement along the axial direction at peak inlet pressure for a 
30% stenosed tube. For higher stiffness, the pressure drop across the stenosis is bigger, and in 
the rigid tube, the pressure drop is the highest. But generally, both the overall elasticity and the 
local stiffness have very little effect on the pressure distribution. 
As for the straight tube, the radial wall displacement is affected by the localized stiffness. 
Both the shape and the magnitude of the wall displacement have changed. When E=0.8 MPa, 
the wall displacement is determined by the shape of the stenosis, and is changing along the 
stenosis. When E=3.2 MPa, the wall displacement along the stenosis become quite uniform, 
and the magnitude is much smaller, the stiffness affected the radial wall displacement by 55% 
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Figure 4.5: WSS along the axial direction atpeakflowrate under different localized stiffness in 
the 30% stenosed tube 
The WSS along the stenosis at peak fiowrate is then considered in Fig. 4.5. As the stiffness 
increases, the WSS becomes higher, and in the rigid tube, the peak WSS is the highest. The 
peak WSS in the rigid tube is 10% higher than in the elastic tube. In elastic tubes with localised 
stiffness, the peak WSS magnitude is between the values in the rigid and elastic cases. 
Fig. 4.6 shows the velocity profile at the throat and one diameter proximal and distal to the 
stenosis. As in the straight tube case, the centerline velocity decreased by about 10% in the 
elastic tubes than in the rigid tube, but is affected a little by the localized stiffness. 
4.3.3 Wall Elasticity Indices 
Two indices are used often to denote the wall properties. One is the Distensibility Coefficient 
(DC), the other one is the Compliance Coefficient (CC) [152]. 
Distensibility Coefficient (DC) is the change in diameter (normalized by the diastolic diameter) 
relative to the change in blood pressure during the cardiac cycle, 
DC = 2[(D33 - Ddia)/Ddia]/(Psys - Pdia) 	 (4.1) 
where the D33 and Ddja  are the systolic and diastolic diameters, and P8 and Pdja  refer to the 
systolic and diastolic pressures. 
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Figure 4.6: Velocity profile at the cross sections of (a) one diameter proximal to the stenosis 
(Z=-1); (b) the throat of the stenosis (Z=0); (c) one diameter distal to the stenosis 
(Z= 1) at peak flowrate under different localized stiffness  in the 30% stenosed tube 
75 
Effect of Localized Stiffness on Pulsatile Flow through Compliant Arteries 
- straight tube stenosed tube 
E(MPa) 0.8 	1.6 3.2 .8 	1.6 3.2 
Dispmax (/Lm) 68.9 	35.0 17.8 36.7 	18.4 9.3 
DC(10 6Pa 1 ) 8.0 4.0 2.1 .6 2.3 1.2 
CC(rnrn2 /kPa) 0.2 	0.1 0.05 11 	0.06 0.03 
Table 4.1: Maximum radial wall displacement, DC and CC under different stiffness 
Compliance Coefficient (CC) is the change in cross sectional area relative to the change in 
blood pressure during the cardiac cycle, 
CC = 	 - Ddia)/(P8y3 - Pdia) 	 (4.2) 
Table 4.1 listed the maximum radial wall displacement, wall distensibility and compliance 
coefficient under three different stiffnesses for the straight tube and the 30% stenosed tube. The 
results showed that both stenosis and the localized wall stiffness contribute to the decreasing of 
wall distensibility and compliance. 
4.3.4 Discussion 
The inlet flowrate and outlet pressure boundary conditions used in this study are from a 1D 
transmission line model. The inlet flowrate gives the centerline velocity in the straight tube 
within the range of 0.3-1.2 m/s, and the centerline velocity in the 30% stenosed tube within the 
range of 0.4-1.8 m/s, which are realistic compared with experimental data [153]. The sudden 
change of stiffness at the entrance and exit of stenosis is justified by the fact that the wall 
property has sudden changes between the healthy and stenosed part because of plaque deposit. 
Results showed that the pressure field, flow pattern and WSS pattern are mainly determined 
by geometry. The overall wall elasticity may have a up to 10% change to the magnitude of 
pressure, velocity and WSS, while the localized stiffness only has a negligible effect on the 
pressure, velocity and WSS. The wall motion is determined by the combined effect of the 
pressure field, the geometry and the local wall properties. 
For the forward modelling, if the pressure field, the WSS field and the velocity field are of 
interests, the plaque properties at the diseased part are not so important, however, if the wall 
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movement is of interest, it is essential to have correct plaque properties. 
For the inverse modelling, since very small changes in the pressure and velocity field can result 
in a big change in the calculated stiffness, it is very hard to determine the wall properties from 
the pressure and wall displacement information. 
The most limiting assumption in this study is the thin-shell linear elastic wall model assumption, 
since the artery wall is known as highly non-linear with finite thickness. Future work on 
non-linear hyperelastic thick wall model will be carried out. 
4.4 Conclusions 
This study explored the effect of localized stiffness on the pressure field, flow pattern, wall 
displacement and WSS field. The results show that the elasticity of the artery wall affects the 
pressure, WSS and velocity field by about 10%. Localized stiffness of a plaque has a negligible 
effect on the pressure, local velocity magnitude and WSS field, but it has a significant effect on 
the wall motion around the stenosis. The conclusion of this study has applications in forward 
modelling as well as in inverse modelling. For forward modelling, realistic plaque properties 
are essential for the estimation of WM. For inverse modelling, it is very hard to determine the 
wall properties from the pressure and wall displacement information. 
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Chapter 5 
Blood Flow and Wall Motion with the 
Progression of Stenosis 
5.1 Introduction 
The aim of this chapter is to look at the effect of stenosis severity on the blood flow, wall shear 
stress and wall motion under physiological flow conditions. 
Several early experimental studies investigated the flow pattern in rigid stenosed tubes. Steady 
flow in stenosed tubes with 25%, 50% and 75% area reduction has been studied by Ahmed et 
al. using laser Doppler anemometry [1161. Reynolds numbers were within the range 500-2000. 
One year later, they extended their experiments to pulsatile flow [117]. They analyzed the 
post stenosis flow disturbance, measured the velocity profile and estimated the WSS. Ojha 
et al. [118] studied pulsatile flow through 45%, 65% and 75% area reduction stenosed tubes 
using a photochromic tracer method and obtained detailed velocity profiles. Their observations 
indicate that in pulsatile flow there is a transient post stenosis flow separation zone instead of 
a permanent one in the steady flow case. Transitional to turbulent flow was found only for 
greater than 50% stenoses by area and only during the deceleration phase of the cycle. They 
also noticed that the WSS was greatest near the throat of the constriction and relatively low in 
the post stenosis region including the most intensively disturbed region. 
Experimental methods provide valuable information on the features of flow in the post-stenotic 
field. However, estimation of WSS is more problematic than simple estimation of velocities. 
Numerical simulation provides an alternative way to obtain detailed flow patterns and WSS 
fields. Pulsatile blood flow through compliant arteries with 51%, 89% and 96% area reduction 
stenoses were simulated by Bath and Kamm [110]. They prescribed the inlet average velocity 
as a half sinusoidal waveform for the systolic period and constant velocity for the rest of the 
cardiac cycle. Their results showed that the maximum wall shear stress increase substantially 
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with the increase of stenotic reduction area. Although the boundary conditions are not 
physiologically realistic, this work gives a qualitative idea of how the stenosis severity affects 
the WSS and wall motion. 
Apart from the work described above there is little information in the literature on the change 
in wall shear stress with progression of stenosis severity in the blood vessels. In this chapter, 
pulsatile flow is simulated with realistic flowrate inlet and time varying pressure outlet; the 
boundary conditions are from a 1D transmission line model [41]; the transitional low Reynolds 
number k - w model is used for the flow simulation to model the transitional to turbulent flow; 
and the fluid-structure interaction effect is simulated by the coupled code developed in chapter 
2. The pressure, velocity, WM and WSS distributions under different degrees of stenoses are 
compared and discussed in detail. 
5.2 Method 
5.2.1 Turbulence Model for the Flow Field 
It is suspected that flow in higher degrees of stenosis may become transitional or turbulent, and 
according to the recommendations from previous research works [109, 119], a low-Reynolds 
number k - w model is implemented to model the transitional and turbulence flow in the 
post-stenosed region. In the model, k is the turbulence kinetic energy and w the specific 
dissipation rate. 
In Reynolds averaging, the solution variables are decomposed into the mean and fluctuating 
components. The mean component of a specific variable 0 is the time average of its 
instantaneous values, 
1 	
q(t)dt 	 (5.1) 
the incremental time At in the above equation is determined by the turbulence time scale rather 
than by the global unsteadiness, and At should be big enough regarding to the turbulence time 
scale and small enough regarding to the unsteadiness of the mean flow variables. 
For the velocity components, 
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where Uj and u are the mean and fluctuating velocities. The Reynolds-Averaged Navier-Stokes 
(RANS) equations for turbulent flow with moving boundaries are as follows, 
The additional terms - (—puu) represent the turbulence effects. These Reynolds stresses 
(—puu) must be modeled in order to close eqn. (5.3). 
The Boussinesq hypothesis related the Reynolds stresses to the mean velocity gradients, 
(&z 	oz\ 2 
- puu:; = Pt5i,j + ,Ut 	+ - litöj,j 	 (5.5) 
where ,i  is the turbulent viscosity, Pt  is the turbulent pressure defined as 
Pt = p(J+v2 +w12 ) = pk 	 (5.6) 
and k is the turbulence kinetic energy 
k=(u 2+ v 2 +w 2 ) 	 (5.7) 
The turbulent viscosity 11t  is obtained by combining k and w, 
lit = 	 (5.8) 
W 
The coefficient & represents a low Reynolds number correction, and is given by 
= (a+Ret/Rk\ 
1 + Ret/Rk ) 	
(5.9) 
where Ret = pk/liw, Rk = 6, a = 	Oi = 0.072. 
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The general form of the k,w transport equations take the following form, 
(pk) + 	(pkTi ) - 
- a ( t9 j.rkP-_+Gk_Yk 	(5.10) -	,, 
3 	3 	 0( 3w\ 
(pw)+—(pwTZ) = 	 (5.11) 
X3 \ 0X31 
where Gk and Ge., represent the generation of k and w respectively. rk and I', represent the 
effective diffusivity of k and w respectively, and Yk  and Y represent the dissipation of k and w 
due to turbulence. 
Turbulence Generation 
The generation of k is described as 
Gk = 
	 (5.12) 
where S is the modulus of the rate-of-strain tensor, defined asS ejj. eij = (Ou/0x3 + 
i9/ax)/2. 
The generation of w is given by 
= aTGk 
	 (5.13) 




where R = 2.95, a00 = 0.52, ao = 1/9. 
Effective Diffusivity 





where cij and o are the turbulent Prandtl numbers for k and w, with Ork = 2.0, o, = 2.0. 
Turbulence Dissipation 
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Dissipation of k is given by 
Yk=p3fkw 	 (5.17) 
where 




Xk > 0 T- 4  OOx 





(RetIRs  )4 
= 	
1 + (Ret/R)4 ) 	
(5.20) 
The constants R8 = 8, 3 = 0.09. 
Dissipation of w is given by 
Y=p13f8w 2 	 (5.21) 
where 




1 (au g - 	
(5.24) cj = 	axj .9x) 
Figure 5.1: Crosssectional mesh 
The 3D flow domain is discretized into 179,070 elements for 30% stenosed tube, 302,868 
elements for 50% stenosed tube, and 336,708 elements for 70% stenosed tube, with hexahedral 
mesh within the boundary layer and pentahedron mesh in the middle as Fig. 5.1 shows. The 
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mesh was generated in GAMBIT. The second order upwind scheme was used for momentum 
discretization [126]. SIMPLEC (Semi-Implicit Method for Pressure-Linked Equations 
Consistent) [154] algorithm was used to achieve pressure-velocity coupling. 
5.2.2 Stenosis Model 
5.2.2.1 Geometrical and Material Parameters 
This study uses the same geometry as Ahmed and Gidden's [116, 117] described in Chapter 3. 
Stenosed tubes with 30%, 50% and 70% reductions by diameter (Fig. 5.2) were studied here, 
and the stenoses were described by cosine functions eqn. (5.25). 
-. 4D 	I 21) 	 16D 
Figure 5.2: Stenosis geometry 
R(z) 
= { 
i - s0 i1 - cos[27r(z - zl)/(z2 - zi)]}/2, 	—D <z <D 
z<—D,z>D 
(5.25) 
with R0 the radius of non-stenosed part of the tube, So the percentage of stenosis, which is 
30%, 50%, and 70% for this study. z1 and z2 are the start and end positions of the stenosis. 
The geometric parameters of this work are as follows: Ro = 0.0029 m, z = —0.0058 m, 
Z2 = 0.0058 m, the length of the tube L = 0.1276 m (LID = 22), proximal to the stenosis 
length L1 = 0.0232 m (L11D = 4), stenosis length L2 = 0.0116 m (L21D = 2), distal to the 
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The fluid density was P1 = 1040 kgm 3 , viscosity uj = 0.004 kgm's', which are similar 
as the properties of blood. The wall thickness was h = 0.55 mm. Young's Modulus E = 0.4 
MPa and Poisson's ratio or = 0.499. The dimensions and wall properties are the same as the 
external iliac artery in the one dimensional model [4 11 where we take the boundary conditions. 
5.2.2.2 Boundary Conditions 
20 
- - 50% 
15 	










(a) 	 (b) 
Figure 5.3: (a) Inlet flow and (b) outlet pressure boundary conditions 
This study adopts the external iliac inlet flow and outlet pressure waveforms (Fig. 5.3) from a 
ID transmission line model [41] as boundary conditions. 
For the stenosed part, an LCR model can be used to estimate the impedance of the stenosis 
[155]. 
RI 	Li 	R2 	L2 	r 
C1 	 C2 
Figure 5.4: Illustration of the LCR circuit 
The method is based on embedding an equivalent circuit representation of the 3D model in the 
ID transmission line simulation. The 3D model is represented by the equivalent circuit shown 
in Fig. (5.4). The usual analogy of Voltage -* Pressure, Current -. Flow is applied. The 
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elements in the diagram are all standard circuit elements except for the solid black rectangle: 
this is an impedance which only acts at zero frequency. 
	
Zr (w) = { 
r, 	w = 0 	
(5.26) 
0, 	otherwise 
This element is needed to give a good fit at high degrees of stenosis. Physically this element is 
probably due to the non-linearity of the system. 
The algorithm used to determine the values of the parameters {L1,Rl,Cl,L2,R2,C2,r} is 
described below: 
(*) Carry out a one dimensional simulation; 
Use the output of the one dimensional, simulation as boundary conditions for a 
three dimensional simulation; 
Use the output from the three dimensional simulation to calculate the parameters 
of the equivalent circuit by least squares fitting; 
Embed the LRC circuit in the one dimensional model, and goto (*). 
The algorithm terminates when the boundary conditions from the one dimensional model agree 
with the output from the three dimensional model. However, a single iteration already gives 
good results. 
The LCR model combined with the ID transmission line model is proposed as a new way to 
estimate the impedance of the stenosis and provide boundary conditions for stenosed arteries. 
For the turbulent simulations, the inlet turbulence intensity was specified as 0.05% as the flow 
proximal to the stenosis is laminar. The turbulence kinetic energy and the specific dissipation 
rate are calculated from the predefined intensity and the hydraulic diameter. At the wall, k was 
set to zero and w was set to (u*) 2w+/v , where u* is the friction velocity, ii is the kinematic 
viscosity of the fluid and is the rate of dissipation within the laminar sublayer. The boundary 
conditions are dealt with the standard FLUENT methods [129]. 
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5.2.3 Mesh Independence Study 
For each case, a mesh independence study was carried out by doubling the elements for the 
fluid domain and comparing the pressure distribution, WSS distribution along the wall and the 
velocity profiles with two different mesh densities. The mesh for wall modelling is 50 x 96 with 
50 in the circumferential direction and 96 in the axial direction. Again, the element densities 
are doubled in the circumferential and axial direction to check the mesh independency. 
5.2.4 Comparison of the Inlet Pressure between the 1D Model of the Arterial 
Tree and the Flow-Wall Coupled 3D Simulation Model 
For the 3D simulation of the artery segment, the inlet flowrate and outlet pressure waveforms 
from the 1D model are taken as the boundary conditions. An inlet pressure waveform is 
obtained from the 3D simulation. Since the fluid and wall properties are the same in both 1D 
and 3D models, and both models are simulating the physical process of blood flow and wave 
propagation in the artery, the results from both models should be the same. The inlet pressure 
waveform from the 1D model and the results derived from the 3D simulation are compared to 
ensure that it is reliable to use the 1D results as the boundary conditions of the 3D simulation. 
5.2.5 Pressure Drop Estimation 
The pressure-drop/flowrate relationship in different degrees of stenoses has been experimentally 
investigated for steady state flow, rigid-walled stenosis by Young and Tsai [156]. They fitted 
the experimental data with the following equation: 
pK 	KIAo 	1 2 	 (5.27) 
where A0 is the area of non-stenosed artery, A1 is the minimum area of the stenosis, Uo is the 
average velocity at the inlet, Re0 is the Reynolds number based on the diameter at the inlet. 
K and Kt  are geometry dependent constants. From both experiments, it was found that K is 
highly dependent on the degree of stenosis, while Kt  equals one for a wide class of geometries. 
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K can be calculated from the following formula: 
2 
= 32- (o.75 	+ 0.25) 	 (5.28) 
 Al 
where D0 is the diameter of the non-stenosed artery, L is the axial length of the stenosis. We 
use this experimental formula to validate the simulation results. The relationships between 
the pressure drop and the inlet flowrate from the current simulations are compared with 
corresponding experimental relationships. 
5.2.6 Simulations Performed 
The flow-wall coupled code is applied to compliant stenosed tubes with 30%, 50% and 70% 
stenoses (by diameter) to investigate the effects of varying stenosis severity on the pressure 
drop, velocity, WM and WSS field. 
5.3 Results 
5.3.1 Mesh Independence Study 
The mesh independence study was carried out as described in Sec. 5.2.3. For the flow field, the 
pressure distributions (Fig. 5.5), WSS distributions (Fig. 5.6) along the wall and the velocity 
profiles along the radial direction (Fig. 5.7, Fig. 5.8) under two different mesh densities are 
presented here. The results were agreed to <5% under the two different mesh densities. In 70% 
stenosis, the velocity profiles 4-6 diameters downstream to the stenosis have larger differences 
under two different mesh densities. However, the velocity gradients at the wall agreed to within 
<1%, and this study is mainly concerned with the stenosis region, so the original mesh is good 
enough for this study. Considering the computational resources it required when the elements 
number is doubled, in each case the original mesh was used. 
For the wall modelling, the result showed a maximum 3% difference for the radial wall 
displacement at the entrance of stenosis, for any other positions, the radial wall displacements 
are identical under two different meshes (Fig. 5.9), so the original mesh was used. 
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Figure 5.5: Pressure distribution along the wall under two different mesh densities for (a) 30% 
Stenosis, (b) 70% stenosis 
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Figure 5.6: WSS distribution along the wall under two different mesh densities for (a) 30% 
Stenosis, (b) 70% stenosis 
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Figure 5.7: Velocity profiles under two different mesh densities for 30% stenosis at (a) one 
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Figure 5.8: Velocity profiles under two different mesh densities for 70% stenosis at (a) the 
throat, (b) one diameter distal to the stenosis, and (c) four diameters distal to the 
stenosis 
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5.3.2 Comparison of the Inlet Pressure between the 1D Model of the Arterial 
Tree and the Flow-Wall Coupled 3D Simulation Model 
The comparisons of the inlet pressure waveforms from the ID and 3D models are presented 
in Fig. 5.10. For the 30% and 50% stenosed tubes, the phase of the inlet pressure are almost 
the same from both models, with the 3D simulations giving slightly higher peak pressures. For 
the 70% stenosed tube, there is a phase lag between the inlet pressure waveforms from the 
two models, with the result from the 3D model lagging behind and having smaller amplitude. 
Although there exist some discrepancies, the results proved that the one dimensional model and 
the three dimensional model are roughly consistent, so we can apply the flowrate and pressure 
waveforms from the 1D model as the boundary conditions of the 3D model. Several more 
iterations between the 1D and 3D coupling could improve the consistency. This work only 
represent the first iteration. 
5.3.3 Pressure Distribution 
The pressure distributions along the axial direction with time for different degrees of stenoses 
from 3D simulation are shown in Fig. 5.11. The pressure drop increases with the increase of 
percentage stenosis although the peak flowrate decreases. In the 30% and 50% stenoses, the 
pressure drop is significant only during the systolic phase, while during the diastolic phase the 
pressure drop across the stenoses is negligible. However, for 70% stenosis, the pressure drop 
across the stenosis is significant during the whole cycle. 
5.3.4 Pressure Drop Estimation 
The relationship between the pressure drop and the inlet flowrate from the current simulations 
are compared with corresponding experimental relationships in Fig. 5.12. 
Since the experimental relationship of eqn. (5.27) is from steady flow in rigid tubes, the 
simulation results and the experimental curves have some discrepancies. The experimental data 
are based on a series of data on steady flows, so that the formula gives a line for each degree of 
stenosis, while in the unsteady simulation, the pressure drop-flow relationship is a loop, which 
is because during the accelerating phase, the pressure gradient needs to be higher to accelerate 
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Figure 5.10: Comparison of the inlet pressure from id and 3d models for (a) 30%, (b) 50% 
and (c) 70% stenosed tubes 
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Figure 5.11: Pressure distribution with time along the axial direction for (a) healthy, (b) 30% 
stenosis (c) 50% stenosis and (d) 70% stenosis 
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Figure 5.12: Pressure drop versus inlet flow, compared with experimental result 
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the fluid. Because of these differences, we can only make a rough quantitative comparison. 
The comparison shows that the pressure drop falls into the right region for the three different 
degrees of stenoses, which means the 3D simulation can reliably predict the pressure loss in 
different degrees of stenoses. 
5.3.5 Radial Wall Displacement 
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Figure 5.13: Radial wall displacement with time along the axial direction for (a) healthy, (b) 
30% stenosis (c) 50% stenosis and (d) 70% stenosis 
Fig. 5.13 shows the radial wall displacement along the axial direction with time for different 
degrees of stenoses under the pressure distribution shown in Fig. 5.11. The wall motion at the 
stenosed part is constrained significantly for all the three cases. For the 30% case, the wall 
motion proximal to the stenosis is about 200 pm, while at the throat it is only less than 100 
pm, constrained by more than 50%. For the 50% stenosis case, the wall motion at the throat is 
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constrained by more than 80%, while for the 70% stenosis, the stenosed part is almost stationary 
throughout the whole cycle. 
Distal to the stenosis, the wall motion almost recovers to the pre-stenosis value in the 30% 
stenosis case however, for the 50% stenosis, the wall motion in the peak pressure region is 
affected, and in the 70% stenosis, the wall motion is affected during the whole cycle, the distal 
to stenosis wall motion being only around 30% of the proximal to stenosis wall motion. This 
is because the large flow recirculation caused large resistance and big pressure drop, and the 
resistance in 70% stenosis is much higher than the resistance in 30% stenosis. 
5.3.6 Velocity 
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Figure 5.14: Comparison of the peak systolic velocity in different degrees of stenoses between 
the ultrasound measurement and the simulation results 
The peak velocities from the current simulations are compared with experimentally measured 
data in Fig. 5.14. The peak systolic velocity with the progression of stenosis was measured by 
ultrasound [157] for the internal carotid arteries. The results from our simulation shows that 
the peak velocity at the throat of the stenosis is about 1.46 m/s in 30% stenosis, 2.3 rn/s in 
50% stenosis and 3.21 rn/s in 70% stenosis against a value of 0.8 rn/s in healthy arteries, which 
are generally consistent with the clinical observations, indicating that the boundary conditions 
obtained from the I D transmission line model are physiologically realistic. 
The instantaneous velocity profiles at peak flowrate at the cross sections one diameter proximal 
to the stenosis, at the throat of the stenosis, and one diameter distal to the stenosis are shown in 
Fig. 5.15. 
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Figure 5.15: velocity contours for different degrees of stenosis at peak flowrate 
Proximal to the stenoses, velocity is higher in the 30% stenosed tube and lower in the 70% 
stenosed tube, this is because the proximal stenosis velocity profile is determined by the inlet 
flowrate, and in the 30% stenosed tube the peak flowrate is bigger, while in the 70% stenosed 
tube the peak flowrate is smaller. At the throat of the stenoses, the peak velocity in the 70% 
stenosis is 120% higher than the velocity in the 30% stenosis because of the large area reduction. 
Distal to the stenoses, the peak velocity in the 70% stenosis is still very high, and the larger 
recirculation zone in the 70% stenosis than in the 30% and 50% cases is clearly seen. 
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Figure 5.16: (a) WSS contour for different degrees of stenosis; (b) WSS along the axial 
direction at peak flowrare. 
WSS distributions around the stenosis area are presented in Fig. 5.16. Unlike the minimum 
pressure and minimum radial wall displacement points, which occur slightly after and exactly 
at the throat of the stenosis respectively (Fig. 4.4), the peak WSS occurs just before the throat 
of the stenosis. From 30% to 70% stenosis, peak WSS increased dramatically. Downstream of 
the stenosis, the WSS reversed the direction because of the formation of the recirculation zone. 
Fig. 5.17 shows the WSS variation with time at peak flowrate at: one diameter proximal to the 
stenosis, the throat of the stenosis, and one diameter distal to the stenosis. At the throat of the 
stenoses, the peak WSS increases dramatically with the decrease of lumen area. The peak WSS 
in the 30% stenosis is about 45 Pa, rises to 110 Pa for the 50% stenosis, and 220 Pa for the 70% 
stenosis. Downstream of the stenosis, the WSS reverses direction because of the formation of 
the recirculation zone. In the 30% and 50% stenosed tubes the WSS oscillates between positive 
and negative value, and in the 30% stenosed tube the WSS oscillates with higher amplitude than 
the 50 17b case. This is because the flowrate reverses its directions in the 30% and 50% cases, 
and the flow recirculation does not stay during the whole cycle. For the 70% case, the WSS is 
negative during the whole cycle. 
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Figure 5.17: WSS variation with time at (a) one diameter proximal to the stenosis, (b) throat 
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5.3.8 The Effect of Wall Elasticity in different degrees of stenosis 
The effects of the wall elasticity on the pressure, velocity and WSS fields were investigated. 
Fig. 5.18 shows the pressure drop during one cardiac cycle in rigid and compliant tubes. For 
30% stenosis, the pressure drop in the compliant tube is smaller, however, for 70% stenosis, the 
pressure drop in the compliant tube becomes bigger than the pressure drop in the rigid tube. 
The WSS distribution along the axial direction at peak flowrate in rigid and compliant tubes are 
shown in Fig. 5.19. For 30% stenosis, the WSS in compliant tube is 10% smaller. With the 
increase of stenosis severity, the effect of wall elasticity on the WSS magnitude decreases. For 
70% stenosis, the difference in WSS distributions from rigid and compliant wall simulations is 
within 1%. 
The velocity profiles from rigid and compliant wall simulations are shown in Fig. 5.20. At 
peak fiowrate, the velocity in the compliant walled tube is smaller than the velocity in the 
rigid walled tube. Similar to the WSS distributions, the effect of wall elasticity on the velocity 
field also decreases with the increase of stenosis severity. For 30% stenosis, the difference 
in the maximum velocity magnitude between the rigid and compliant wall is about 10%. For 
50% stenosis, it decreased to below 5% at the throat and downstream of the stenosis. For the 
70% stenosis, the velocity profiles at the throat and downstream of the stenosis from rigid and 
compliant wall simulations are identical. 
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Figure 5.18: The pressure drop within a whole cardiac cycle from the rigid and elastic wall 
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Figure 5.19: The WSS distributions along the axial direction at peak flowrate from the rigid 










































































































Blood Flow and Wall Motion with the Progression of Stenosis 
5.3.9 Is the turbulence model necessary? 
Simulations with both laminar model and turbulence model were carried Out for all the three 
different degrees of stenoses. Comparisons of the centerline velocity profile in Fig. 5.21 showed 
that for 30% stenosis, the results from both laminar model and low Reynolds number k - w 
model are identical, while for 50% and 70% stenoses, a smaller recirculation zone was found 
in low Reynolds number k - w model simulation because of the faster momentum transport 
with the turbulence model. At the peak flowrate, the Reynolds numbers at the narrowest points 
in 30%, 50%, and 70% stenoses are about 1540, 1730, 1450 respectively. In 70% stenosis, the 
maximum Reynolds number at the throat of stneosis even decreased because of the decrease of 
fiowrate. Downstream of stenosis, flow might become transitional or turbulent because of the 
sudden expansion and strong recirculation. 
The turbulence intensity, turbulence kinetic energy, and specific dissipation rate for 30%, 
50% and 70% stenoses were plotted in Fig.5.22. It shows that for 30% and 50% stenoses, 
the turbulence intensity are below 3%, the turbulence kinetic energy are smaller than 2 x 
10 4m2 /s2 , and the specific dissipation rate are smaller than 200 s_ i . However, for 70% 
stenosis, the turbulence intensity around 8 diameters downstream of the stenosis is as high 
as 32%, and both the turbulence kinetic energy and specific dissipation rate are increased 
substantially compared to the 30% and 50% stenoses. 
A turbulence intensity of 1% or less is generally considered low turbulence and turbulence 
intensities greater than 10% are considered to be highly turbulent [158]. In the 70% stenosis 
case, the 32% turbulence intensity indicates a highly turbulent flow in the downstream of the 
70% stenosis region. The results show that it is necessary to use the low Reynolds number 
turbulence model in the simulation of higher degrees of stenoses. 
5.4 Discussion 
This study investigated the WM, flow field and WSS with the progression of stenoses under 
physiological flow. Disease is modelled as axisymmetric cosine shape stenoses of varying 
diameter reductions. A simulation model which incorporates fluid-structure interaction, 
low Reynolds number k - w turbulence model, and realistic boundary conditions has been 
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Figure 5.21: The comparison of the velocity profile between the laminar and turbulence model 
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Figure 5.22: The (a) turbulence intensity, (b) turbulence kinetic energy, and (c) specific 
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developed. The inlet flowrate and outlet pressure used in this study are from a 1D transmission 
line model. The peak flowrates are 18 ml/s, 14.6 ml's and 6.7 mb's for 30%, 50% and 70% 
stenoses respectively, while the mean flowrates are 2.766 ml/s, 2.727 ml/s and 2.439 ml/s. The 
validity of the inlet flowrate is examined by qualitatively comparing with in vivo experimental 
data [147]. For the increasing degrees of stenosis, the experimental measurement shows a 
similar larger reduction in the peak flowrate but only slightly reduction in the mean flowrate. 
Peak velocities at the throat of different degrees of stenoses are compared with in-vivo data 
[153] in Fig. 5.14 and proved to be realistic. These comparisons demonstrate that the inlet 
flowrate boundary conditions for different degrees of stenoses are physiologically realistic. 
The magnitude of the inlet/outlet pressures are within the physiological range (80-140 mmHg 
or 10666 - 18666 Pa). The simulated pressure drop-flowrate relationships in different degrees 
of stenoses are compared with experimental data and proved to be realistic. 
The comparison of inlet pressure waves between the 1D transmission line model and 3D 
simulation model shows that it is reliable to apply the flowrate and pressure waveforms from 
the 1D model as the boundary conditions of the 3D model. 
Results in different degrees of stenoses shows that severe stenosis caused very high flow 
resistance and a large pressure drop at the throat. Wall motion is constrained at the throat of the 
stenoses, which is as expected from Bernoulli's equation and Laplace's law. From Laplace's 
law eqn. (1.2) and linear elastic constitutive equation, a = E Lr/r, it can be estimated that 




where D is the radial wall displacement, P is the pressure load, r and h are the radius and the 
thickness of the artery, E is the Young's Modulus of the artery wall, and a denotes the hoop 
stress. From the Bernoulli's equation, the pressure is expected to be lower at the throat of the 
stenoses since the area reduction leads to a faster velocity there. From eqn.(5.29), the wall 
displacement at the throat is predicted to be smaller as the pressure load is lower, the radius is 
smaller, and the wall thickness is larger there. 
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From earlier studies by [159], WSS was found to have immediate influence on the endothelial 
histology and a 40 Pa shear stress is able to damage endothelial cells. Another study [160] 
showed that higher WSS (about 100 Pa) would prevent endothelium from inhibiting 
thrombogenesis and contribute to thrombus formation. This study shows that the peak WSS 
reached 45 Pa at the throat of the 30% stenosis which is high enough to damage the endothelial 
cells. In 50% stenosis, the peak WSS is more than 100 Pa, which suggests that there may 
be thrombus formation at the 50% stenosis stage. Clinically, stenoses are not considered 
to be hemodynamically significant until they reach 50% by diameter, however this study 
has suggested that endothelial stripping may occur at stenoses less than 50% which may be 
significant in terms of the thrombus formation, which in turn may lead to further narrowing of 
the artery, or embolism formation. 
Peak wall shear stresses occured just proximal to the throat of the stenoses. The relationship 
between WSS and the progression and rupture of plaque is discussed in the recent review 
article by Stager et at [28].  They note that rupture normally occurs before the minimum lumen 
position, and suggest that the high WSS could induce thinning of the fibrous cap and loss of 
collagen. This mechanical weakening could then leave the plaque prone to rupture by the high 
tissue stress within the cap. Stager et al also note that the low WSS distal to a stenosis may 
enhance the oxidation of lipids and their accumulation in the intima, which would result in the 
further progression of atherosclerosis; however low WSS may activate smooth muscle cells and 
collagen growth, and hence lower the risk of rupture in the post-stenotic downstream region. 
Several assumptions are made in this study. The first one is to treat the blood as a Newtonian 
fluid. It is supposed that when the dimension of the artery is large compared to the size of 
suspension particles, blood can be considered as Newtonian and viscosity can be considered 
as constant. So in most studies for large arteries, viscosity is taken as a constant value [ 1 6]. 
Non-newtonian effects are only considered in small vessels with an internal radius less than 0.5 
mm [148]. However, how big the non-Newtonian effect is in large arteries is still not precisely 
known. Some researchers showed that when the shear rate reach 1000 s_ i , blood behave as 
Newtonian fluid [148]. It is estimated that in human femoral arteries the shear rate varies from 
1-1200 s_ i  over a cardiac cycle [161], which means that in some part of the cardiac cycle, blood 
may behave as non-Newtonian fluid. Researchers are trying to quantify the non-Newtonian 
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effects under different flow conditions [161], and hopefully will provide more information on 
choosing appropriate simulation models. 
The second assumption is the use of the thin shell model with linear elastic wall property for the 
artery wall. The thin shell assumption is valid when the artery wall thickness is within 10% of 
the artery diameter, which is the case for the healthy parts of the arteries. In the diseased regions, 
the wall thickness increases. The increases in wall thickness result in increases in structural 
stiffness, however, as it was found in Chapter 4, the localized stiffness inhibits the wall motion 
in the diseased part but has little effect on the flow and WSS field. For this simulation, the 
effect of area reduction on the flow field and shear stress is the main concern, the increase 
in wall thickness and stiffness around the diseased part is not considered. The assumption of 
the linear elastic wall property is less realistic since the artery wall has non-linear viscoelastic 
behaviour, also the anisotropy and layered structure may change the stress pattern. The linear 
elastic model was chosen as a starting point here, while the effect of different wall models on 
the stress field within the wall is studied in Chapter 6. 
This work has been dealing with the axisymmetric stenoses, however, clinical studies have 
shown that stenoses could be symmetric (concentric) or asymmetric (eccentric) [162]. 
Although it was shown that the flow resistance is independent of their geometry under the same 
percentage area reduction [162], the detailed flow features caused by the stenosis asymmetry 
could be useful for pathological study. Simulations [108, 163] showed that the stenosed side 
of the wall experiences a higher shearing stress compared to the opposite side without any 
protuberance. Further studies on the detailed flow field in asymmetric stenosis should be 
carried out. 
With the model limitations noted above, this chapter represents initial work in this area. The 
assumptions greatly simplified the analysis and enabled the problem to be dealt within the 
timeframe of the thesis yet still provide the average response of the artery with certain accuracy. 
Future work could include non-Newtonian behaviour and a non-linear hyperelastic wall model. 
111 
Blood Flow and Wall Motion with the Progression of Stenosis 
5.5 Conclusions 
A stenosis model has been developed which incorporates fluid-structure interaction to allow 
investigation of the dynamic relationship between WSS, WM and velocities, and their 
dependence on the degree of stenosis. Simulated values of maximum blood velocity agreed 
well with published literature indicating that the model is physiologically realistic. Simulations 
showed that maximum wall shear stress reaches a level at which endothelial damage may 
occur at 30% stenosis by diameter, a level which is generally not regarded as being clinically 
significant. Wall motion was increasingly constrained as the degree of stenosis increased. 
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Stress Distributions within the Arterial 
Wall for Different Degrees of Stenosis 
6.1 Introduction 
The wall shear stress field in diseased arteries was investigated in the previous chapter. In this 
chapter, stress distribution within the arterial wall is studied for different degrees of stenosis. 
Studies showed that more than 60% of all acute ischaemic syndromes are caused by the rupture 
of vulnerable plaque [164]. Plaque rupture may happen in patients with a stenosis which only 
causes 50% reduction of lumen diameter [20]. A number of factors have been postulated to 
be triggers of plaque rupture, such as high shear stresses [27], turbulent pressure fluctuation 
[31], concentrated tensile stress [86] within the wall, and transient compression [112]. From 
structural mechanics, it is natural to assume that when the stresses within the diseased arterial 
wall exceed its strength limit, rupture may occur. Quantification of the stress field within the 
diseased artery wall is important. 
Finite element analysis has been used to study the plaque rupture mechanism by many 
investigators [29-31, 151, 165, 166]. Cheng et a]. used a histology based 2D model and 
analyzed the stress distribution on the cross section of coronary plaques under a static load 
of mean blood pressure. Their results showed that most plaque ruptures occurred very close 
to the peak circumferential stress region [29]. Li et al. [167] performed stress analysis for 
five vulnerable carotid plaques based on the geometry derived from in vivo MRI. High stress 
concentrations were found at the shoulders and the thinnest fibrous cap regions of the plaque, 
and the mean maximal stresses were found to be higher in the ruptured plaques than those in 
the unruptured plaques. Tang et al. [166] used a flow-structure interaction model to study the 
stress distribution within a human atherosclerotic plaque based on MIRI. The results suggested 
that stress variations on critical sites such as a thin fibrous cap is 300% higher than that at other 
normal sites. 
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In the finite element analysis of the stress field in the arterial wall, three factors are important: 
the first one is realistic plaque geometry and plaque composition, the second one is an 
appropriate wall model, the third one is realistic loading conditions. Although some efforts 
have been made to reconstruct the geometry and composition of plaques from medical imaging 
techniques, limited studies were carried out to quantify the effect of different wall models 
on the stress distribution. And most available studies on wall mechanics are based on static 
pressure loading, more data about the stress field in plaques with different stenosis severity 
under realistic time varying pressure field is necessary. 
In this study, stress fields in different degrees of stenoses were analyzed. The time varying 
pressure fields from the flow-wall coupled simulations in Chapter 5 are applied as external loads 
of the arterial walls. The effects of linear elastic and hyperelastic wall models, and the effects 
of localized stiffness and physiological axial stretch on the stress distributions are analyzed and 
presented. 
6.2 Method 
6.2.1 Solid Wall Model 
Wall Models and Material Properties 
The linear elastic model is introduced in Sec. 2.2.2. For this simulation, Young's Modulus is 
chosen to be E = 0.4 MPa and Poisson's ratio a = 0.499. 
For the hyperelastic formulation, the Ogden model was used to describe the constitutive 
behaviour. The strain energy density per unit volume takes the following form, 
N 
(6.1) 
where pi and ai are the material constants, and the )s are the principal stretches. The 
constitutive equation and momentum equation for the arterial wall will be solved together to get 
the stress and strain field within the vessel wall. Detailed descriptions can be found in Appendix 
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4D 	 2D 	 IoD 
Figure 6.1: the shape of the wall 
The experimental data of stress-stretch relationship for dog's femoral artery [63] was fit using 
least squares approximation to determine the appropriate material constants. In this study, the 
parameters are N = 1, /,tl = 0.0121, c = 8.1490. 
For each wall model, the effect of localized stiffness and physiological initial axial stretch is 
examined. The localized stiffness is based on the fact that the diseased part might be stiffer than 
the healthy part in some patients. In this simulation, the stiffness in the diseased part is chosen 
to be 4 times of the stiffness in the healthy part [151]. So for linear elastic model, the diseased 
part has a Young's Modulus of E = 1.6 MPa. For hyperelastic model, Ogden model is still used 
for the diseased part, but with 4 times stiffness than the healthy part. An initial axial stretch is 
based on the fact that arteries in-vivo exhibits an axial stretch ratio of 1.5 [133, 168]. The initial 
stretch is given by a prescribed axial displacement at the inlet and outlet of the model. 
Geometry 
The vessel wall has an axisymmetric stenosis, the geometry from a longitudinal cut is shown 
in Fig. 6.1. The wall thickness at the healthy part was h = 0.55 mm. In the diseased part, the 
wall thickness varies. 
Boundary Conditions for the Wall Simulation 
For the boundary conditions of the wall simulation, at the inlet and outlet, the vessel wall 
can only move in the radial direction, except in the model with axial stretch where the axial 
displacements are prescribed at both ends. The pressure field is applied at the inner surface, 
and the outer surface is traction free [79]. 
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6.2.2 Mesh Independence Study 
For different degrees of stenosis, a mesh independence study was carried out by changing 
the mesh density for the wall and comparing the radial wall displacement and Mises stress 
distribution along the axial direction. Three different mesh densities were used: 486, 790 and 
1720 elements. 
6.2.3 Simulation Performed 
The time varying pressure fields for different degrees of stenoses from the simulations in 
Chapter 5 are applied as external loads of the arterial walls. The arterial walls are modelled with 
linear elastic and hyperelastic models. For each wall model, simulations were carried out for 
three different cases: the first one without localized stiffness and physiological axial stretch; the 
second one with localized stiffness only; the third one with localized stiffness and physiological 
axial stretch. The stress fields from different wall models are presented and compared. 
6.3 Results 
63.1 Mesh Independence Study 
Mesh independence studies were carried Out for 30%, 50% and 70% stenosis respectively (Fig. 
6.2). In all the three cases, the radial wall displacements do not change with the increase 
of mesh density. Mises stresses at the healthy part also do not change with the increase the 
mesh density. At the throat of stenosis, Mises stress is affected by 1.8% when the mesh density 
increased from 486 elements to 790 elements in 30% stenosis. While in 50% and 70% stenoses, 
the Mises stress is affected by about 10% when the mesh density increased from 486 elements 
to 1720 elements. In the simulations, 790 elements was used for 30% stenosis, 1720 elements 
was used for 50% and 70% stenoses. 
6.3.2 Radial Wall Displacement 
Simulations were carried out for thin-wall linear elastic model, thick-wall linear elastic model 
and thick-wall hyperelastic model. The radial wall displacements at peak flowrate from 
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Figure 6.2: Mesh independent study for different degrees of stenoses, for linear elastic wall 
model and without local stiffness and axial stretch 
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three different wall models are compared in Fig. 6.3. For different area reductions, the 
thin-wall linear elastic model gives smallest wall motion. The wall motion magnitude from 
thick-wall linear elastic model simulation is about 30% higher than that from the thin-wall 
model simulation, while the difference of wall motion magnitude between the thick-wall 
hyperelastic model and the thick-wall linear elastic model is about 5% except for the proximal 
stenosis region in 70% stenosis, where the difference is about 20%. 
Given that the overall wall elasticity only has about 10% change on the pressure, WSS and 
velocity fields, it is expected that the change of wall model would induce less than 3% changes 
on the flow field. 
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6.3.3 Mises Stress Distributions 
Mises stress along the lumen wall for different degrees of stenosis are presented in Fig. 6.4. 
For the thick-wall linear elastic model (left column), the effects of localized stiffness and 
physiological axial stretch are investigated. The localized stiffness gives a sudden increase 
in the Mises stress field at the inlet and outlet of stenosis, where the stiffness has a sudden 
change, while the Mises stress in the undiseased region is not affected. With physiological 
axial stretch, the Mises stress in the healthy part is increased by 120%, which gives a smooth 
transition between the healthy and diseased part. For the thick-wall hyperelastic wall model 
(right column), the localized stiffness and physiological axial stretch have similar effects on the 
Mises stress field as in the linear elastic case, except that the physiological axial stretch gives a 
250% increase in the Mises stress in the healthy part, which is much higher than in the linear 
elastic case. 
The results showed that the Mises stress fields have similar magnitude in all the three different 
degrees of stenosis, and the effects of localized stiffness and axial stretch are also similar in 
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Figure 6.4: Mises stress along the axial direction at peak flowrate from different wall model 
simulations 
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6.3.4 Hoop Stress Distributions 
Hoop stress fields with different wall models in 30%, 50%, 70% degrees of stenoses are 
displayed in Fig. 6.5, Fig. 6.6, and Fig. 6.7 respectively. 
In Fig. 6.5, for thick-wall linear elastic model (Fig. 6.5 (a), (b) and (c)), the maximum hoop 
stress is at the inner surface of the healthy lumen wall, and the minimum hoop stress is at 
the outer surface of the diseased part. With the localized stiffness, the maximum hoop stress 
is increased by 170% (almost tripled) and it occurs at the inlet and outlet of the stenosis, 
where there is a sudden change in stiffness. With both localized stiffness and axial stretch, 
the maximum hoop stress still occurs at the inlet and outlet of the stenosis, but with 30% lower 
magnitude. Compression exists at the outer wall of the diseased part because the large wall 
motion at both sides of the plaque caused a bending effect toward the plaque. The results are 
consistent with previous results by Tang et al. [112, 113]. 
For the hyperelastic model (Fig. 6.5 (d), (e) and (f)), the localized stiffness gives a 120% 
increase in the maximum hoop stress, and the maximum hoop stress is also located in the area 
where the stiffness is changed suddenly. While with the localized stiffness and axial stretch, the 
maximum hoop stress is increased again by another 70% instead of decreasing as in the linear 
elastic case. And compression stress exists in a large area of the diseased part from the inner 
wall to the outer wall. 
With a homogeneous plaque, the stenosis severity has little effect on the hoop stress field. The 
effects of localized stiffness and axial stretch are also similar in different degrees of stenosis. 
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Figure 6.5: Hoop stress distribution in 30% stenosis at peak flowrate with different wall 
models. (a) Linear elastic; (b) Linear elastic with localized stiffness; (c) Linear 
elastic with localized stiffness and axial stretch; (d) Hyperelastic; (e) Hyperelastic 
with localized st iffness; (f) Hvperelastic with localized stiffness and axial stretch. 
The unit is MPa. 
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Figure 6.6: Hoop stress distribution in 50c at peak flow-rate stenosis with different wall 
models. The wall models in (a)-(f) are the same as in Fig. 6.5. The unit is MPa. 
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Figure 6.7: Hoof) stress distribution in 70% stenosis at peak flowraie with different wall 
models. The wall models in (a)-(f) are the same as in Fig. 6.5. The unit is MPa. 
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6.3.5 Hoop Stress Variation within a Cardiac Cycle 
Fig. 6.8 compares the hoop stress variation proximal to stenosis, at the throat of the stenosis, 
and distal to the stenosis with the hoop stress variation in the undiseased part. 
From the linear elastic wall model simulations (the left column), in all the three different 
degrees of stenoses, the proximal and distal to stenosis points have higher stress magnitude 
than the undiseased part, while the throat of the stenosis points have lowest magnitude. The 
cyclic variation at the distal to stenosis points decreases with the increase of stenosis severity, 
while for the throat of the stenoses, the variations are small in all the three different degrees 
of stenoses. Proximal to the stenosis points have higher magnitude of stress and larger cyclic 
variation, which could be the weakest points in the plaques. 
The low hoop stresses at the throat of stenoses are as expected from Bernoulli's equation and 
Laplace's law. The high hoop stress at the shoulders of the plaque may be caused by the change 
of stiffness and axial stretch. Downstream of the stenosis, the flow recirculation causes large 
resistance and pressure drop, which explains the decrease of the maximum hoop stress with the 
increase of stenosis severity distal to stenosis. 
The results from hyperelastic model (the right column) follow the same pattern, but in the hyper 
elastic model simulation, the hoop stress magnitude is generally higher than in the linear elastic 
model simulation. 
6.4 Discussion 
Simulation results of radial wall displacement from different wall models showed that the 
radial wall displacement was affected by the wall model. Thick wall models give bigger 
wall displacement under the same loading conditions. This might because the vessel wall is 
compressed in radial direction during the systolic phase and the wall is thinner, which gives 
the effect of bigger displacement in the lumen wall. A realistic wall model is necessary for 
accurate prediction of the radial wall displacements magnitude. However, the simple thin-wall 
linear elastic model is able to give a qualitatively reliable prediction of the wall motion. 
Mises stress and Hoop stress along the arterial wall were affected by the wall model, the 
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Figure 6.8: Hoop stress variation with time. (The results are from the simulations with the 
localized stiffness and physiological axial stretch) 
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localized stiffness, and the physiological axial stretch. Both maximum Mises stress and the 
maximum Hoop stress focused within the inlet and outlet of the stenosis area, called the 
'shoulders' of plaques clinically, in the presence of localized stiffness and axial stretch. This 
finding is in agreement with the clinical finding that plaques tend to rupture at the shoulders 
rather than the throat [28]. 
The magnitude of Hoop stress is about 10,000 times larger than the magnitude of wall shear 
stress, which implies that the Hoop stress and shear stress may play different roles in the 
development of diseases. WSS is more likely to affect the function of endothelial cells, which 
in turn affect the remodelling of vessel walls, while Hoop stress is more likely to be the direct 
cause for vessel wall fissuring and plaque rupture. 
There are several limitations in this work. First of all, the composition of the plaque is 
not considered. For the stenosed arteries, the components of a plaque, such as lipid pools 
or calcified regions, could redistribute the stress field and change the maximum stress 
substantially. 31) images of the diseased artery walls could be used for future vessel wall 
mechanics simulations for the study of the stress distributions within the wall. However, this 
study may represent the case in some patients with a homogeneous stabilized plaque [ 20]. 
Anisotropy is not considered, and residual circumferential strain is neglected in this simulations 
due to the limitation of experimental data for diseased arteries. If residual strain is included, 
the stress is expected to be more homogeneous along the radial direction. 
6.5 Conclusions 
The stress fields within different degrees of stenosed arterial walls under time varying pressure 
loads were simulated. Linear elastic and hyperelastic wall models were used separately. For 
each wall model, the effect of localized stiffness and physiological stretch on the stress field 
were investigated. 
The results showed that with the increase of the degrees of stenosis, the maximum hoop stress 
varies within 20%, which is a small variation compared with the changes in WSS as the degree 
of stenosis increases. However, the localized stiffness and physiological axial stretch has 
substantial influence on the Mises stress and hoop stress distributions. Maximum Mises stress 
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and hoop stress were both found at the shoulders of plaques with the presence of localized 
stiffness and physiological axial stretch. 
Due to the complexities in the vessel wall simulation, some assumptions are made in this work. 
It is expected that further studies about more realistic wall models and plaque compositions 
would be able to give new insights in the stress distribution within the diseased arterial wall. 
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Conclusions and Future Work 
Understanding the biomechanical forces, such as wall shear stress (WSS) and hoop stress within 
the vessel wall, is of great importance for pathological research and clinical diagnosis. Data on 
the biomechanical forces with the progression of stenosis are still limited. The aim of this 
thesis was to investigate the biomechanical forces and vessel wall motion in different stages of 
stenotic disease. 
For simulating the blood flow and vessel wall motion, a flow-wall coupled model was developed 
by externally coupling of the computational fluid dynamics package FLUENT and the finite 
element modelling package ABAQUS using a MATLAB script. The coupled code was first 
used to simulate the pressure wave propagation in an elastic tube and the results were validated 
against the Moens-Korteweg analytical solution. The coupled code was then used to simulate 
the effect of wall elasticity in an idealised mild stenosis under sinusoidal inlet pressure and 
constant outlet pressure boundary conditions. 
A detailed study on the effect of outlet pressure boundary condition was carried out in Chapter 
3. The results showed that both the wall motions and the WSS field were influenced by 
the outlet pressure boundary condition, and it is therefore essential to apply a realistic outlet 
pressure boundary condition for flow-wall coupled simulations. A 1D transmission line model 
can be used to provide realistic boundary conditions for a healthy arterial segment. For diseased 
arteries, an LCR model can be used to estimate the impedance of the stenoses, and realistic 
boundary conditions can be obtained by combining the LCR model and the ID transmission 
line model. 
In some patients, stenosed artery is stiffer than the healthy artery, hence the layman's description 
of atherosclerosis is 'hardening of arteries'. It is expected that both localized stiffness and the 
degree of stenosis would have effects on the flow field and wall motion. The current work 
investigated the effect of localized stiffness and the effect of degrees of stenosis separately. The 
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effect of localized stiffness on the pressure field, flow pattern, wall motion and WSS field was 
studied in Chapter 4. The results showed that the localized stiffness has a negligible effect on 
the pressure, local velocity magnitude and WSS field, but it has a measurable effect on the wall 
motion around the diseased part. 
The effect of degree of stenosis on the flow field, wall motion and WSS field was studied 
in Chapter 5. The results showed that as the degree of stenosis increased, maximum WSS was 
substantially increased and wall motion was increasingly constrained. The maximum wall shear 
stress reaches a level at which endothelial damage may occur at 30% stenosis by diameter, a 
level which is generally not regarded as being clinically significant. Wall motion is constrained 
by more than 50% even in the early stage of stenosis, so it could be used as an indicator of early 
diseases. 
The Mises stress and hoop stress within the diseased arterial wall were studied in Chapter 6. 
This study considered homogeneous plaque without lipid pools. The results showed that when 
stenosis severity was increased from 30% to 70% (by lumen diameter), maximum hoop stress 
slightly decreased by about 20%. The effects of localized stiffness and physiological axial 
stretch on the hoop stress distribution were studied. The results showed that, with the presence 
of localized stiffness and physiological axial stretch, maximum hoop stress was concentrated at 
the shoulders of plaques. 
The original contributions of this work include the development of the coupled code for 
FLUENT and ABAQUS, the proposal of the lumped parameter model in combination with 
the 1D transmission line model to provide the physiological boundary conditions for the 3D 
simulations, and the evaluation of the biomechanical forces in different degrees of stenoses 
under physiological boundary conditions. Although there are some previous works on the 
coupling of some other software packages such as CFX and ABAQUS [96], the coupling of 
FLUENT and ABAQUS is new at the time when we started this work. Currently, there are 
several other groups also coupled FLUENT and ABAQUS [169, 170], which are independent 
of this work. Also, as far as we know, it is the first time the biomechanical forces in different 
degrees of stenoses are simulated under physiologically realistic conditions. 
Some limitations and possible improvement were discussed in each individual chapter. The 
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application of the flow-wall coupled code could be extended to patient specific geometries, 
and to study the biomechanical forces in real patients. Further studies on the vessel wall 
mechanics need to use more realistic wall constitutive models, in particular, including the 
fracture mechanism and fatigue resistance of plaques. It is supposed that the computational 
simulations, in conjunction with suitable experiments, could be very useful in future diagnosis, 
surgical planning, and better design of surgical devices. 
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Flow-Wall Coupled Simulation using 
FLUENT and ABAQUS 
The geometry and mesh of both the fluid field and solid field are constructed in GAMBIT. The 
fluid field is exported as .msh file, and the solid field is exported as .neu file. 
The flow field with rigid wall is simulated in FLUENT first until the result is converged. The 
flow-wall coupled simulation is then carried out. ABAQUS standard is used for the wall motion 
study. The template _irip.inp contains the basic command lines. For each simulation, the node 
coordinates, element connectivity and pressure load information are provided, the inlet/outlet 
node numbers, and wall properties are modified for the specific case. Several programmes are 
written for this study to generate ABAQUS input file automatically, and they are attached in 
Sec. A.1. 
In application, the .neu file should be put in the current directory, then run 
readrne_i rip_f ile_render.m, which scans .neu file to look for node coordinate and 
element connectivity information and insert them into template .irip.irip automatically, 
mynode.txt(contains the node coordinate information), myinp.inp, and myelement.txt(contains 
the element connectivity information) will be generated as a result. 
In Sec. A.2, two programmes riodal.c and riode_original.m are listed. They are used to 
find out the sequence of the nodes on the wall in FLUENT and write down the original 
node coordinates according to this sequence. Since FLUENT sweep the wall nodes in a 
specific sequence every time, when the geometry is going to be updated according to the 
wall. displacement, this procedure can make sure that the displacement is fed into FLUENT 
according to the correct sequence. 
In Sec. A.3, the programmes which are necessary for one-way coupling are listed. 
pres_at_the_end.c is the UDF used to export pressure field at the wall after each time step. 
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fluent2abaqus.m calls pres_interpolation.m and insert_f ile_aftericeyword.m to give 
abaqus input files. After this, run Abaqus job= inpufi1ename  to do the wall simulation. Then 
run abaqus2fluent.m to get the displacement information from abaqus data files. The 
displacement text files can then be used to run the FLUENT simulation with moving walls. 
In Sec. A.4, the programmes which are necessary for two-way coupling are listed. The main 
programme main.rn will call all the other programmes to complete the fully coupled process. 
abaqus_v6.env is the abaqus environment file which changes the default setting to replace the 
old .odb files with the new one without user interaction. longl.jou, long2.jou is the FLUENT 
background files to call FLUENT for background running, check - abaqus, check - fluentl, 
check - fluent2 is the UNIX shell scripts to check if the FLUENT or ABAQUS programme 
has been completed, if yes, go to next step; if not, wait. 
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A.1 Input file generation 
List of programmes: 
templateinp.inp, 	readmeinp...fiIeender.m, renderlNPiule.m, 
read_elementirom..neu.m, read ..node...from..neu.m, 	element2string.m, 





1, 50, 1 
*NSET, NSET=RIGHTEND,GENERATE 
51, 100, 1 





*SHELL SECTION, MATERIAL=tissue, ELSET=EALL 
0.1 
**local coordinate system 


















element = read_elementirom.neu(neuJllename); 
node = readnodeirom.neu(neufile..name); 
renderdNPille(node, element,'templateinp.inp', 'myinp.inp'); 
% make node and element file 
node..str = node2string(node); 




function renderlNPJlle(node, element,templatename, inpjilename) 
%function renderjNPiile(node, element,templatename, inpillename) 
%Output: 
% render a INP file with file name 'inpillename' 
%Input: 
% node: node data 
% element: element data 
• template-name: inp template file name 
• inp_filename: the name of INP file to be rendered 
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%Note: 
% The key word to locate node coordinates is '*NODE' 
% the key word to locate element data is '*Element,  type=S4R, ELSET=EALL' 
key_wordi = '*NODE'; 
key _word2 = '*Element, type=S4R, ELSET=EALL'; 
% first read the template file into a string 'buffer' 
fid = fopen(template_name); 
if fid == -1 
disp('can not open the file'); 
return; 
end 
[buffer,count] = fread(fid,inf,'uchar'); 
buffer = char(buffer'); 
fclose(fid); 
nodestr = node2string(node); 
elemenLstr = element2string(element); 
return_str = sprintf('\n'); 
% search the node key words and insert node data 
pos = strfind( buffer, key.wordl); 
if length(pos) == 0 % the key word can not be found 
disp('this is not template inp file'); 
return; 
end 
pos_node = pos( 1 )+length(key_word 1); 
%buffer = [buffer( 1 :pos_node),return...str, node.str, return.str, buffer(pos_node:length(buffer))]; 
buffer = [buffer( 1 :pos_node),node..str,buffer(pos..node:length(buffer))]; %you can use the last 
sentence if return char needed 
% search the element key words in and insert element data 
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05 = strfind( buffer, key_word2); 
if length(pos) == 0 % the key word can not be found 
disp('this is not template inp file'); 
return; 
end 
pos_element = pos( 1 )+length(key_word2); 
buffer = [buffer( 1 :pos_element),element_str, buffer(poselement:length(buffer))]; 
%write the inp file 
str2flle(buffer,inp_filename); 
A.1.4 readnode1romneu.m 
function node = read_node_fromneu(neu_file_name) 
%function node = read_nodeJrom.neu (neu_filename) 
% 
%Output: 
% node: 4*  matrix 
% n is the number of node 
% for every column: node-index x y z 
%Input: 
% NEU file name (including path) 
%Note: 
% The key word to locate node coordinates is 'NODAL COORDINATES 2.1.2' 
keyword = 'NODAL COORDINATES 2.1.2'; 
% first read the whole file into a string 'buffer' 
fid = fopen(neuiile.naine); 
iffid==-1 
disp('can not open the file'); 
return; 
end 
[buffer, count] = fread(fid, inf, 'uchar'); 
buffer = char(buffer'); 
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fclose(fid); 
node = LI; 
% search the key words in the string 
pos = strfind( buffer, key-word); 
if length(pos) == 0 % the key word can not be found 
disp('this is not NEU file'); 
return; 
end 
buffer = buffer((pos( I )+length(key_word)+ 1 ):Iength(buffer)); 
% read out the node coordinates information 
[node, count] = sscanf(buffer, '%e', [4 inf]); 
A.1.5 read_e1emenLfromneu.m 
function element = read_element_from_neu(neu_file_name) 
%function node = read_element_from_neu (neu_fil&name) 
%Output: 
• element: 5*  matrix 
• n is the number of node 
• for every column is the index of 5 connected nodes 
%Input: 
% NEU file name (including path) 
%Note: 
% The key word to locate node coordinates is 'ELEMENTS/CELLS 2.1.2' 
keyword = 'ELEMENTS/CELLS 2.1.2'; 
% first read the whole file into a string 'buffer' 
fid = fopen(neu_filename); 
if fid == -1 
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[buffer, count] = fread(fid, inf, 'uchar'); 
buffer = char(buffer'); 
fclose(fid); 
element = []; 
% search the key words in the string 
pos = strfind( buffer, key-word); 
if length(pos) == 0 % the key word can not be found 
disp('this is not NEU file'); 
return; 
end 
buffer = buffer((pos( 1)+ 1 +length(key_word)):length(buffer)); 
% read out the element information 
[element, count] = sscanf(buffer, '%d', [7 infi); 
element = [element( 1, :);element(4:7,:)]; 
A.1.6 node2string.m 
function string = node2string(node) 
%sting = node2string(node, file-name) 
[M,N] = size(node); 
LEN =M*N; 
string = []; 
for i= 1:LEN 
if mod(i,M) == 0 
str = sprintf('%.6f\ n',node(i)); 
else 
if mod(i,M) == 1 
str = sprintf('%d,',node(i)); 
else 
str = sprintf('%.6f,',node(i)); 
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end 
end 
string = [string, str]; 
end 
A.1.7 element2string.m 
function string = element2string(element) 
%string = element2string(element) 
% Transfer element data to a string 
[M,N] = size(element); 
LEN =M*N; 
string = []; 
for i= 1:LEN 
if mod(i,M) == 0 
str = sprintf('%d\n',element(i)); 
else 
str = sprintf('%d, ',element(i)); 
end 




• function str2file(str,file.name) 
• write a string to a file 
fid = fopen(file.name, 'w'); 
if fid == -1 
disp('can not open the file'); 
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A.2 Original node sequence 












ID = 7; 
thread = Lookup_Thread(domain, ID); 
FILE *fd; 
fd = fopen("nodal_coord.txt", "w"); 
beginhioop (f, thread) 
{ 
Lnodeioop (f,thread,n) 
v = FNODE (f,thread,n); 
x = NODEJC (v); 




endiioop (f, thread) 
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function node-original %(element_number) 
%this function will help me to read the data file from mynode.txt 
%and node_coord.txt, and transfer them into a sequence as node_coord.txt 
%but use the index number of mynode.txt 
fluent_ele_num = 168; 
n = 2 * fluent_ele_num; 
% First open the file 
fid = fopen( 'mynode.txt', 'r'); 
% then read all the data to z and close the file 
[node, count] = fscanf(fid, '%d,%f,%f,%f\n', infl; 
fclose(fid); 
% get several vectors from the data file 
a = node(1:4:count); 
x = node(2:4:count); 
y = node(3:4:count); 
z = node(4:4:count); 
x = x*(1.Oe3); 
y = y*(1.Oe.3); 
z = z*(1.Oe3); 
% First open the file 
fid = fopen( 'nodal_coord.txt', 'r'); 
% then read all the data to z and close the file 
[nodal, count] = fscanf(fid, '%f, %f\n', inf); 
fclose(fid); 
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% get several vectors from the data file 
xl = nodal(1:2:count); 
y  = nodal(2:2:count); 
%—interpolation— 
a 1 = griddata(x,y,a,x l,yl ,'nearest'); 
% write the node file 
fid = fopen( 'node_original.txt', 'w'); 
fork= 1:n 
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A.3 One way couple 
List of programmes: 
pressur&at_the_end.c, 	fluent2abaqus.m, presinterpolation.m, 
inserLfile_aftericeyword.m, abaqus2fluent.m, read _dispIrom.dat.m, 


















domain = GeLDomain(l); 
ID = 7; 
thread = Lookup_Thread(domain, ID); 
ts = RP_Getinteger("time-step"); 
sprintf(filename,"press%d.txt",ts); 
fd = fopen(filename, "w"); 
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P = FY(f,thread); 
fprintf(fd,"%f, %f, %f\n", x,y,P); 
} 





%This file will take the pressure txt file from fluent and change it to the 
%form which abaqus can interpret. And the abaqus input file is generated 
%after running this function 
for i=1O1:200 
[presJlle,ERRMSG]=sprintf('press%d.txt', i); 
[my_pressure,ERRMSG] =sprintf('mypress%d.txt', i); 
[inp.file,ERRMSG]=sprintf('walI%d.inp', i); 
presinterpolation(presiIIe,my_pressure); 
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A.3.3 presJnterpolation.m 
function presinterpolation(presille, my-pressure) 
%this function read the pressure file from fluent and transfer 
%them into the format required by abaqus 
elemenLnum = 8400; 
n = elementnum- 1; 
fid = fopen('mynode.txt', 'r'); 
[node, count] = fscanf(fid, '%d,%e,%e,%e\n', inf); 
fclose(fid); 
a = node(1:4:count); 
x = node(2:4:count); 
y = node(3:4:count); 
z = node(4:4:count); 
fid = fopen( 'myelement.txt', 'r' ); 
[element, count] = fscanf(fid, '%d,%d,%d,%d,%d\n', ml); 
fclose(fid); 
e = element(1:5:count); 
n  = element(2:5:count); 
n2 = element(3:5:count); 
n3 = element(4:5:count); 
n4 = element(5:5:count); 
%—x l,yl ,z 1 are the coordinates of the cell center—
for i = I :elemenLnum; 
xl(i)=(x(nl(i)) + x(n2(i)) + x(n3(i)) + x(n4(i)))/4; 
yl(i)=(y(nl(i)) + y(n2(i)) + y(n3(i)) + y(n4(i)))/4; 
zl(i)=(z(nl(i)) + z(n2(i)) + z(n3(i)) + z(n4(i)))/4; 
end 
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fid = fopen(presille, 'r'); 
[pressure, count] = fscanf(fid, '%e, %e, %e\n', inf); 
fclose(fid); 
x2 = pressure(1:3:count); 
p2 = pressure(3:3:count); 
x2=x2* 1000; 
%—interpolation—
p1 = interpl(x2,p2,xl); 
p1 =p1*(1.0e6); 
% write the node file 
fid = fopen(my_pressure, 'w'); 
fork= 1:n 
fprintf(fid, '%d, %c, %e\n', e(k), 'P', p 1(k)); 
end 
fprintf(fid, '%d, %c, %e', e(element_num), 'P', pl(element_num)); 
fclose(fid); 
A.3.4 insertJileafterkeyword.m 
function inser_file_after_keyword(original_file,insert_file,new_file, keyword) 
%function inse 	le_afterieyword(original_file,insert.file,new_file, keyword) 
% 
%Output: 
% new-file: produce a new file after insert insert-file into original-file after the keyword in 
original file 
%Input: 
• original-file, insert_file,new_file: the file paths and names 
• keyword: the keyword string after which the insert-file should be inserted. 
% read the original-file into a string 'buffer' 
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fid = fopen(originaLfile); 
if fid == -1 
disp('can not open the original file'); 
return; 
end 
[buffer, count] = fread(fid, inf, 'uchar'); 
buffer = char(buffer'); 
fclose(fid); 
% read the inserLfile into a string 'insert-buffer' 
fid = fopen(insert_lile); 
if fid == -1 
disp('can not open the insert file'); 
return; 
end 
[insert-buffer, count] = fread(fid, inf, 'uchar'); 
insert-buffer = char(insert_buffer'); 
fclose(fid); 
return_str = sprintf('\n');% return...str represent return in text file, sometimes it need 
to be used 
% search the key words and insert insert-buffer into buffer 
P05 = strfind( buffer, keyword); 
if lerigth(pos) == 0 % the key word can not be found 
disp('the original file does not contain the key word'); 
return; 
end 
pos_node = pos(1)-i-Iength(keyword); 
%buffer = [buffer(1 :pos.node),returnstr, insert-buffer, return _str, 
buffer(pos_node:length(buffer))]; 
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buffer = [buffer( 1 :pos_node),inserLbuffer,buffer(pos.node:length(buffer))] ;%you can use the 
last sentance if return char needed 




• this function get disp.txt from wall.dat, the disp.txt file is ready to 




displacement = read_dispirom_dat (data-file); 




function displacement = read_dispfrom_dat (data-file-name) 
%function disp = read_dispirom_dat (data-file-name) 
% 
%Output: 
• disp%ts: 4*  matrix 
• n is the number of node 
• for every column: node-index x y z 
%Input: 
% DAT file name (including path) 
%Note: 
% The key word to locate node coordnates is 'NODAL COORDINATES 2.1.2' 
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keyword = 'NODE FOOT- U  U2 U3'; 
% first read the whole file into a string 'buffer' 
fid = fopen(data_file.name); 
if fid == - 1 
disp('can not open the file'); 
return; 
end 
[buffer, count] = fread(fid, inf, 'uchar'); 
buffer = char(buffer'); 
fclose(fid); 
displacement 
% search the key words in the string 
pos = strfind( buffer, key-word); 
if length(pos) == 0 % the key word can not be found 
disp('this is not DAT file'); 
return; 
end 
buffer = buffer((pos( 1 )+length(key_word)+2 I ):length(buffer)); 
% read out the node index and displacement information 
[displacement, count] = sscanf(buffer, '%e', [4 infi); 
displacement = [displacement(2:4,:)]; 
displacement = displacement * 1.0e-3; 
A.3.7 disp2string.m 
function string = disp2string(disp) 
%string = disp2string(element) 
% Transfer displacement data to a string 
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[M,N] = size(disp); 
LEN = M*N; 
string = []; 
for i= 1:LEN 
if mod(i,M) == 0 
str = sprintf('%d\n',disp(i)); 
else 
str = sprintf('%d, ',disp(i)); 
end 
string = [string, str]; 
end 
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A.4 Two way couple 
List of programmes: 
main.m, abaqus_v6.env, presinterpolation 1 .m, 
presinterpolation.m, save_pres_to_temp Lm, savepres_to.lemp.m, 
insert-file-after-keyword, readme_disp_file_render.m, read _disp_from_dat.m, 
disp2string.m, string2file.m, dispielaxation 1 .m, 
disp_relaxation.m, save_disp_to_temp.m, boundary_moving.c, 
pressure_at_the.end.c, long 1 .jou, long2.jou, 





p_converge = 100; 
d_converge = 100; 
iter= 1; 
ts=1 
fluentele_num = 160; 
element_num = 8000; 
node..num = 8050; 
disp..num = 24150; 
if(ts== 1 &iter== 1) 
pres_interpolation 1 (elementnum, 'press.txt', 'mynode.txt', 'myelement.txt', 'mypress 1 .txt'); 
save_pres_to_temp 1 (fluent_ele_num, 'press.txt' ,'press_temp.txt'); 
save_pres_to_temp(fluent_ele_num, 'press.txt' ,'press_prev.txt'); 
insert_file_after_keyword(' myinp.inp', 'mypress 1 .txt', 'wall.inp', 'Dload'); 
unix('rm wall.dat'); 
unix(' abaqus job=wall'); 
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unix(' ./check-abaqus'); 
iter = iter+1; 
readme_disp_file_render(' wall.dat', 'disp 1 .txt'); 
dispe1axation 1 (node_num, 'disp 1 .txt', 'disprelaxed.txt'); 
save_disp_to_temp(node_num, 'disprelaxed.txt', 'disp_temp.txt'); 
save_disp_to_temp(node_num, 'disp 1 .txt', 'disp_prev.txt'); 
end 
while (p_converge> I I d_converge> 1 I ts<61) 
[mypres_filename,ERRMSG]=sprintf('mypress%d.txt', ts); 
[disp_filename,ERRMSG]=sprintf('disp%d.txt', ts); 
[odb_copy,ERRMSG]=sprintf('cp wall.odb wall%d.odb', ts); 
[disp.copy,ERRMSG}=sprintf('cp disprelaxed.txt disprelaxed%d.txt', ts); 
if ( mod(ts,2) == 0) 
if ( iter == 1) 
unix('mv long2.out long2bk.out'); 
unix('fiuent 2d -g -i long2.jou > long2.out 2>&1 &'); 
unix(' ./check-fluent2'); 
savepres_to_temp 1 (fluent_ele_num, 'press.txt' ,'press temp.txt'); 
save_pres_to_temp(fluent_ele_num, 'press.txt' ,'pressprev.txt'); 
presinterpolation 1 (element_num, 	'press.txt', 	'mynode.txt', 	'myelement.txt', 
mypres_filename); 
insert_file_after_keyword(' myinp.inp', mypres_filename, 'waIl.inp', 'Dload'); 
unix('rm wall.dat'); 
unix(' abaus job=wall'); 
unix(' ./check-abaqus'); 
iter = iter+ 1 
readme_disp_file.sender('waIl.dat', disp_filename); 
disp_relaxation 1 (node_num, disp_filename, 'disprelaxed.txt'); 
save_disp_to_temp(node_num, 'disprelaxed.txt', 'disp_temp.txt'); 
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save_disp_to_temp(node_num, dispillename, 'dispprev.txt'); 
end 
if(iter> 1) 
unix('mv long2.out long2bk.out'); 
unix('fluent 2d -g -i long2.jou > long2.out 2>&1 &'); 
unix(' ./check-fluent2'); 
p_converge = compare_pres -with _prev(fluenLele_num, 'press.txt' ,'press prev.txt'); 
save_pres_to_temp(fluent_ele_num, 'press.txt' ,' press_prev.txt'); 
presinterpolation(fluent_ele_num, elemenLnum, 'press.txt', 'mynode.txt', 
myelement.txt', mypres_filename, 'press_temp.txt'); 




iter = iter+1 
readme_disp_fileiender('wall.dat', disp_filename); 
d_converge = compare_disp_with_prev(disp_num, dispillename, 'dispprev.txt'); 
dispe1axation(node_num, disp_filename, 'disp_temp.txt', 'disprelaxed.txt'); 
save_disp_to_temp(node_num, 'disprelaxed.txt', 'disp_temp.txt'); 
save_disp_to_temp(node_num, dispiilename, 'dispprev.txt'); 
end 
end 
if ( mod(ts,2) == 1) 
if ( iter == 1) 
unix(' my long Lout long 1 bk.out'); 
unix('fluent 2d -g -i long l.jou> long Lout 2>&1 &'); 
unix(' ./check-fluentl '); 
save_pres_to_temp 1 (fluent_ele_num, 'press.txt' ,'press_temp.txt'); 
save_pres_to_temp(fluent_ele_num, 'press.txt' ,'pressprev.txt'); 
pres_interpolation 1 (element_num, 'press.txt', 'mynode.txt', 'myelement.txt', 
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mypres_filename); 




iter = iter+ 1 
readme_disp_fileender('wal1.dat', dispJIlename); 
dispe1axation 1 (node_num, disp_filename, 'disprelaxed.txt'); 
save_disp_to_temp(node_num, 'disprelaxed.txt', 'disp_temp.txt'); 
save_disp_to_temp(node_num, disp_filename, 'dispprev.txt'); 
end 
if ( iter > 1) 
unix(' my long 1 .out long lbk.out'); 
unix('fluent 2d -g -i long 1.jou > long Lout 2>&1 &'); 
unix(' ./check-fluent 1'); 
p_converge = compare_pres_with_prev(fluent_ele_num, 'press.txt', 'pressprev.txt'); 
save_pres_to_temp(fluent_ele_num, 'press.txt' ,' press_prev.txt'); 
pres_interpolation(fiuent_ele_num, element_num, 'press.txt', 'mynode.txt', 
myelement.txt', mypresJllename, 'press_temp.txt'); 
insert_file_after_keyword(' myinp.inp', mypres_filename, 'wall.inp', 'Dload'); 
unix('rm wall.dat'); 
unix(' abaqus job=wall'); 
unix(' ./check-abaqus'); 
iter = iter+ I 
readme_disp_file_render('wall.dat', disp_filename); 
d_converge = compare_disp_with_prev(disp_num, disp_filename, 'dispprev.txt'); 
disp_relaxation(node_num, disp_filename, 'disp_temp.txt', 'disprelaxed.txt'); 
save_disp_to_temp(node_num, 'disprelaxed.txt', 'disp..lemp.txt'); 
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function save_pres_to_temp(fluent_ele_num, pres_file, pres_tempille) 
%this function save the pressure file from fluent to 
%temp file, which will be used for the convergence evaluation 
fid = fopen(pres_file, 'r'); 
[pressure, count]— fscanf(fid, '%e, %e, %e\n', ml); 
fclose(fid); 
p = pressure(3:3:count); 
fid = fopen(pres_temp_file, 'w'); 
fork = 1:fluent_ele.num 
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A.4.4 readmedispiile.render.m 
function readme_dispJ1eender(dataJi1e, dispJile) 
displacement = read_dispIrom_dat (data-file); 
disp..str = disp2string(displacement); 
str2file(disp.str, dispiile); 
A.4.5 disp..relaxation.m 
function save_disp_to_temp(node..num, dispille, disp_tempille, dispnewille) 
%this function save the displacement file to 
%temp file, which will be used for the convergence evaluation 
fid = fopen(dispille, 'r'); 
[displacement, count] = fscanf(fid, '%e, %e, %e\n', inf); 
fclose(fid); 
ul = displacement(1:3:count); 
u2 = displacement(2:3:count); 
0 = displacement(3:3:count); 
fid = fopen(disp_tempJIle, 'r'); 
[displacement, count] = fscanf(fid, '%e, %e, %e\n', ml); 
fclose(fid); 
utemp 1 = displacement( 1:3 :count); 
utemp2 = displacement(2:3:count); 
utemp3 = displacement(3:3 :count); 
u  = 0.1*ul + 09*utemp1; 
u2 = 0.1*u2 + 0.9*utemp2; 
0 = 0.1*u3 + 0.9*utemp3; 
fid = fopen(dispnewille, 'w'); 
for k = 1:node.num 
fprintf(fid, '%e, %e, %e\n', ul(k), u2(k), u3(k)); 
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function save_disp_to...temp(nodenum, dispille, disp_tempille) 
%this function save the displacement file to 
%temp file, which will be used for the convergence evaluation 
fid = fopen(dispille, 'r'); 
[displacement, count] = fscanf(fid, '%e, %e, %e\n', inf); 
fclose(fid); 
ul = displacement(1:3:count); 
u2 = displacement(2:3:count); 
0 = displacement(3:3:count); 
fid = fopen(disp_tempiile, 'w'); 
for k = 1 :nodenum 
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FILE *fd; 
/*const mt m = node.num +1; 
COfl St mt n = fluent_elenum *2 + 1; 














fd = fopen(filename, "r");*/ 
fd = fopen("disprelaxed.txt", "r"); 
for 0=1; j<8451; i-i--i-) 
fscanf(fd,"%f, %f, %f\n", &dxU], &dy[j], &dz[j]); 
fclose(fd); 
fd = fopen("node_original.txt", "r"); 
for (j=1;j<337;j+-i-) 
fscanf(fd,"%d,%f,%f\n", &a[jJ, &x[j], &y[j]); 
fclose(fd); 
II 
beginiioop (f, thread) 
{ 
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f..nodeloop (f, thread, n) 
{ 
v = F NODE (f, thread, n); 
= i+1; 
1* NODE-X(v) = x[i] + dx[a[i]];*/ 
NODE-Y(v) = y[i] + dy[a[i]]; 
} 
} 
endLloop (f, thread) 
} 
A.4.8 longl.jou 





Write data file 
wd stenosis 1 .dat 
yes 








sleep $pause- 10 
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if test -f wall.dat 
then 




elif grep 'FATAL ERRORS' waIl.dat > /dev/null 
then 
















if test -f long Lout 
then 
if grep 'exit' long 1.out > /dev/nuIl 
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elif grep 'Unexpected licence problem' long Lout > /dev/null 
then 
echo "no license now" 
Finished='TRUE' 
exit 1 
elif grep 'non-positive volumes exist' long 1 .out > /dev/null 
then 











function p_converge = compare_pres_with_temp(fluent_ele_num,pres_file, pres.prev_file) 
%this function calculate the relative difference between 
%the current pressure txt file and the pressure txt file from previous iteration 
fid = fopen(pres_file, 'r' ); 
[pressure, count] = fscanf(fid, '%e, %e, %e\n', inf); 
fclose(fid); 
p = pressure(3:3:count); 
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fid = fopen(presprev_file, 'r'); 




duff = abs(p(k) - pres_prev(k)); 
relative-duff = diff/abs(p(k)); 
if (relative-duff > duff-max) 
duff-max = relative-duff; 
end 
end 
p_converge = diff_max* 100 
A.4.12 comparedispwithprev.m 
function d_converge = compare_disp_with_temp(disp_num, disp_file, dispprev_file) 
%this function calculate the relative difference between 
%the current displacement and the displacement from previous iteration 
fid = fopen(disp_file, 'r'); 
[d,count] = fscanf(fid, '%e, %e, %e\n', inf); 
fclose(fid); 
fid = fopen(dispprev_file, 'r'); 




duff = abs(d(k) - disp.prev(k)); 
if (abs(d(k))< 1.Oe-10) 
relative-duff = duff; 
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else 
relative-duff = diff/abs(d(k)); 
end 
if (relative-duff > duff-max) 
duff-max = relativediff; 
end 
end 
d_converge = diff_max* 100 
166 
Appendix B 
UDF code for Womersley Inlet Velocity 
Profile 
In the 3D simulation, the fully developed womersley velocity profile is calculated from the 
fiowrate waveform. A Fast Fourier Transform is used to extract the frequency content of 
the volume fiowrate waveform given the fundamental frequency, W. So, given the flowrate 




The Womersley velocity profile for the axial component velocity u(r, t) is given by 
Jo(a 
r i3/2  i 1 
} 
- 2B0 r 	ir 21 	





	- (: 	+ >.:: 	 2Jj(cni3I'2) 	I 
n=' 	
In - (In 
Fast Fourier Transform is performed in MATLAB and the Fourier coefficients Bn  is saved in 
text files. The Matlab programmes are attached in section B. I. 
In Section B.2, the FLUENT UDF programmes for the inlet velocity profile are listed. A 
User Defined Function irtlet_vel.c is written to apply the inlet velocity profile for each time 
step. inlet_vel.c calls for womervel.c to calculate eqn. B.2 with the Fourier coefficients 
B. complex rec.c is a programme which defines the complex class and complex number 
operations. zbes.c is used to calculate the Bessel function of the first kind. All these programms 
are compiled in FLUENT together with the header files. 
For compliant wall simulation, the radius of the inlet is modified according to the wall 
displacement. 
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B.1 Fast Fourier Transform 
B.1.1 readmetransformdata.m 
femoraldata; /*contains  four vectors: inlet-pressure, outlet-pressure, inlet-flow, outlet_flow*/ 
signal-length = 43; 
N = 21; 
% change the pressure unit from mmHg to Pa; 
inlet-pressure = inlet-pressure * 133; 







• xxx: original signal 
• signal-length: signal length 
• N: the number of first several components of signal's ift 
% filename: the filename of result 
xxxfft = fft(xxx)/signallength; 
fid = fopen(filename, 'w'); 
for i= IN 





UDF code for Womersley Inlet Velocity Profile 
B.2 UDF for fluent 
B.2.1 complex..rec.h 
typedef struct DCOMPLEX {double r,i;} dcomplex; 
dcomplex Cadd(dcomplex a, dcomplex b); 
dcomplex Csub(dcomplex a, dcomplex b); 
dcomplex Cmul(dcomplex a, dcomplex b); 
dcomplex Complex(double re, double im); 
dcomplex Cdiv(dcomplex a, dcomplex b); 
double Cabs(dcomplex z); 
dcomplex RCmul(double x, dcomplex a); 
dcomplex zbes(int n, dcomplex y); 
dcomplex Cpow(dcomplex x, double y); 
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B.2.2 womervel.h 
#include < math-h> 
#ifndef P1 
#define P1 acos(- 1.0) 
#endif 
float womervel(double radius, double t); 
B.2.3 inlet_vel.c 
#include"udf. h" 





extern real womervelO; 
real t; 
begin J'Joop(f, thread) 
{ 
t = RP_GeLReal("flow-time"); 
F_CENTROID(x,f,thread); 
y=x[1]; 
y = yf0.0029; 
/*0.0029 is the radius of the tube*/ 










float womervel(double radius, double t) 
{ 
float ye!; 
double bigR, bigRs; 
double omega, mu, rho, nu; 
double alpha; 
double ccoef, scoef; 
double kt; 
dcomplex zl,i; 






fd = fopen("inletJlow.txt", "r"); 
for 0=1; j<22; j-i-i-) 
fscanf(fd," %f %f \n", &aa[j], &bb[j}); 
fclose(fd); 
bigR = 0.0029; /*radjus  in  m*/ 
bigRs = 2.9; /*radjus  in  mm*/ 
mu = 0.004; /* dynamic viscosity*/ 
rho= 1040; 
flu = mu/rho; /* kinematic viscosity*/ 
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z 1=Complex( 1.0,0.0); 
= Complex(0.0,1.0); 
vel = 2.0*a[ 1] *( 1 radius*radius)/(PI*bigRs*bigRs); 
for (k=2; k<22; k++){ 
kt = 2.0*PI*(k1)*tJ0.7728; 
omega = 2.0*PI*(k1)/0.7728; 
alpha = bigR*sqrt(omegalnu); 




zJ 1=zbes( 1 ,za); 
zJ 1JO=Cdiv(zJ 1 ,zJO); 
zflO=RCmul(2.0,Cdiv(zJ IJO,za)); 
ccoef = a[k]/(PI*bigRs*bigRs); 




zqflo=Cdiv(zq,Csub(zl ,zf 10)); 
zJOrJO=Cdiv(zJOr,zJO); 
zvel=Cmul(zqflo,Csub(z 1 ,zJOrJO)); 





UDF code for Womersley Inlet Velocity Profile 
B.2.5 complex..rec.c 
#irwlude"complex_rec. h" 
#include < math.h> 





























UDF code for Womersley Inlet Velocity Profile 
























else if (y==O.0) 
ans=x; 
else if (x>y){ 
temp =y/x; 
ans=x*sqrt( 1  .O+temp*temp); 
} else { 
temp = x/y; 
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ans=y*sqrt(1 .O+temp*temp); 
return ans; 





/ x is the bas, y is the power*/ 
dcomplex Cpow(dcomplex x, double y) 
dcomplex z; 
double theta, absx; 
theta = atan2(x.i, x.r); 
absx = Cabs(x); 
z.r = pow(absx,y)*cos(y*theta); 
z.i = pow(absx,y)*sin(y*theta); 
return z; 
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B.2.6 zbes.c 
iric1ude"complex_rec. h" 




zarg = RCmul(-0.25,Cmul(y,y)); 
z = Complex(1.0,0.0); 
zbes = Complex(1.0,0.0); 
i= 1; 
while (Cabs(z)> le-20 && i<=10000){ 
z = Cmul(z,RCmuI( 1 .O/i/(i-i-n),zarg)); 









Hyperelastic Model of Vessel Wall 
The solid deformation process obeys mass conservation, momentum conservation and energy 
conservation laws. 
Conservation of mass: 
100 pOdV = in pdv 	 (C.1) 
where Q0 and 11 denotes the reference domain and deformed domain respectively. For the 
vessel wall, since it is almost incompressible, density and volume do not change during the 
deformation process. 
Conservation of linear momentum: 
a2d 	9a 
= + pb 	 (C.2) 
where di and oij are the components of the displacements and stress tensor, bi are the 
components of the body force per unit mass. 
Conservation of energy: 
pT 	—V0q0 +pg 	 (C.3) 
where is the internal energy, pT  is the first Piola-Kirchhoff stress, F is the deformation 
gradient matrix, g is a heat addition per unit mass. The internal energy can be written as 
E = & + iT, where i' is the Helmholtz potential, 77 is entropy and T is temperature. 
For an isothermal system without heat transfer and heat source (T is constant, q0 = 0 and 
g = 0), the energy conservation equation can be simplified as, 
= pT. 	 (C.4) 
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Artery wall is often treated as hyperelastic. Hyperelastic model assumes that a material can 
store energy during the loading process and release energy during unloading. The deformations 
are reversible and the energy stored within the material is a function of the deformation 
I'(F). so, 
di,b - 51' dF 
d  - oF dt 
(C.5) 
From eqn. C.4 and C.5, we get, 
PT =p 	or P=p 	 (C.6) 
Helmholtz potential 0 is defined per unit mass, while strain energy W is defined per unit volume 
po(F) = W(F). so we have, 
OW 
-;  
It can be shown that 
 
OFT 	OC 
where C is the right Cauchy-Green tensor, C = FT . F and C = CT 
Hence equation C.7 can be written as 
P - 2 	. FT 
OC 
There are several stress definitions. Cauchy stress a is defined in terms of the actual force 
acts on the deformed areas, which is often called "true stress"; However, it is often impossible 
to know the deformed area after the application of loads, so it can be difficult to measure the 
Cauchy stress. First Piola Kirchhoff stress P is defined in terms of the actual force and reference 
areas, which makes it easier to measure. However, being defined in two configurations, P is 
a two-point tensor, and balance of angular momentum further reveals that P is not symmetric 
in general(P 54pT),  so there is a need for yet another measure of stress that is defined in 
terms of the reference configuration but also is a symmetric, one point tensor. For this purpose, 
second Piola Kirchhoff stress S is defined as an "imaginary" force that acts on the reference 
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configuration over an undeformed area. Because the force is imaginary, S is difficult to be 
interpret physically and it can not be measured. The relationships between the different stresses 
are as follows, 
a = 	FP 	 (C. 10) 
P = S.FT 	 (C.11) 
Because of the different measures of stresses, the constitutive relations can be written in 
different forms as follows, 
a= F..FT 	 (C. 12) 
J ac 




for the second Piola-Kirchhoff stress. Because of the Green strain E = 	- I), one can 
simply find a form of W(E), where S = OW/M. 
Once the form of W is postulated, uni-axial or multi-axial experiments are designed to derive 
the material parameters [83], and the constitutive relation with known material partameters 
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